Let K be a field, E be an elliptic curve defined by Weierstrass equation
(0.1) v+ arxy + asy = 23 + asx® + asx + ag.

For any integer n, let [n] : E — E be the multiply-by-n isogeny.
Let’s state some motivation; they are not exact definitions. Let ¥9 = 2y 4+ a1z + a3 as a function on
E, then w% = 422 + byx?® + 2byx + bg. We have the double formula

1‘4 — b4.732 - 2()633 — bg
X o [2] = 5 ’
V3

,(/) [2] 21‘6 + ngs + 5b4.734 + 10b6333 + 10()8332 + (bgbg - b4b6)33 + (b4b8 — b%)

20 = )

¥3

where the first formula can be proved by Vieta’s formulas. For the second formula, when the characteristic
of K is not 2 it can also be proved by Vieta’s formulas (in this case we use 13 = 423 + byz? + 2byx + bg),
when the characteristic of K is 2 it’s a consequence of the first formula. As for the double formula for

y-coordinate, it’s complicated when a4, a3 are not zero:

(0.2)

yol2] =y5°
— a% + asaiay — ajazai — ai — 6a3ag + alasas + dasasas — Sai
+ (2a%a§ — 4a1a§ — 2a1a9a30a4 — 3a§a4 — 2a2ai + Qafaga(;
+ 8a§a6 — 12a1a3a6 — 4a4a6) T
+ (—Ga?ag + 3aga3 — 12a1a3a4 — 5a3 — 3a3ag + 20a2a6) z?
+ (—4@‘;’&3 — 6ajasas + 3a§ — 5a%a4 + 20a6) 3
+ (—a‘l1 — 4a?a2 —3aiaz + 5a4) x?
+ (—3(1% + 2a2) 2 + 28 + (
— alagag — ag + a%a3a4 + alai — a?ag — 4aqa0a6 — 4asag
+ (—Galag —4dazay — 16a1a6) T

+ (—G(ﬁag — 4asaz — 10a1a4) 22
+ (—Za‘;’ — 8aias — 4a3) = 7a1x4)y] .
and 1 o [~1] = —».

==z
Hence for any m € Z, z o [m] and ngm] are all even function, they are in K(z). We are going to find
out their explicit formula. First we have the following result.

Note that z is an even function and 1)y is an odd function, namely x o [—1]

Proposition 0.1. Let (z;,y;),t = 1,2,3,4 be the affine coordinate of points P,Q,P + Q,P — Q on E,
respectively, and Y;,i = 1,2,3,4 be the 1o evaluated at these points. Then if x1 # x2, we have

2$1.’E2($1 + 1’2) + bz(El[L'Q + b4((E1 + IEQ) + b(;

T3+ Ty =
(0.3) (zg — 1)?
| T3Ty = wix3 — byxiwg — be(xy + x2) — bs
(w2 — 351)2
and
Y4V =Y, 223(3z1 + 22) + boxa (w1 + m2) + by(z1 + 372) + 2bg
’ (332 - 371)3
(0.4) Yy = (436?37% + bowiwy (1 + @2) + 2bswi@s (27 + w120 + 23)

+ b (1 + 22) (27 + 8wy + 23) + 4bs (2] + 3122 + 23)

+ (babs — babg) (1 + 22) + 2 (babs — b?) )/(xQ C )



Proof. The first two can be obtained via

2
_(yz—?h) (yz—y1>
r3=|——"—) ta | —— ) —a2— 21 — T2
T2 — T1 T2 — T1

2
—Y2 —a1T2 —as — Y1 —Y2 —a1T2 —as — Y1
T4 = + a; —az —T1 — X2

To — X1 T2 —T1
and lengthy computation. As for the last two, when the characteristic of K is not 2, they can be obtained
via

PaPEQ) =Vi£ Yot |

and lengthy computation. When the characteristic of K is 2, they are consequences of the first two. O

+Y, - Y3 (in—m>3

T2 — T1

+Y; — Y,
192 (21

T2 —T1

3323FY2>+b2

T2 —T1

In particular, changing the rule of P and @ in (0.4), we obtain
2.%%(%1 + 3562) + bg.’El({El + 1’2) + b4(3.’b1 + .’EQ) + 2b6
(21— 22)? '

Now we can formally give the definition of division polynomials ([GTM106], Exercise 3.7). Define the
commutative ring R = Z[aq, as, a3, a4, ag, x,y]/(f), where ay,as,as,as,as,x,y are all formal variables,
f=v*+a1wy+asy — x® — azx® — a4z — ag be the polynomial defined by the Weierstrass equation (0.1).
For m € 7Z, define the division polynomials ¥, ¢, wm € R as

Yo=0, 1 =1 VY_pm=—Vm,

Yo = 2y + a1 + as,

V3 = 32t + boa® + 3bya® + 3bgx + bs,

Yy =1y - (22° + box® + 5byz + 10bga® + 10bs2® + (babs — babg)z + (babs — b))

Vom+1 = Umgahl, — Y111,

Yom = Ym + (V2 _1Vmt2 — Vo1 ¥m—2) [P,

Om = 22, — Y1V,

Wi = (V2 _1mt2 — V2 1 Um—2) /Y2 = Yom/Vm.

Note that 12 = 43 + boa? + 2byx + bg € Z[ba, by, b, bg, ] C R, by induction we know that 1o, 1 and
Yom /W2 are contained in this subring, so @, womt1/We and we, are also contained in this subring.

For E/K defined by (0.1), there is a natural ring homomorphism R — K(F). Note that the image
of 19 in K(FE) is not zero (since when the characteristic of K is 2, not all the aj, a3 are zero), so the
images of Y, ¢m,wy, in K(F) are also uniquely determined by the above recursion formulas. When
there is no risk of confusion, we also denote their images by ¥, ¢, wm. Note that if these polynomials
satisfy polynomial equations of R-coefficients in R, then their images in K(F) also satisfies the same
polynomial equations.

By induction it’s easy to see that the leading terms of g, +1 and 1o, /12 are (2m + 1):v2m2Jr2m and
mx2m2_2, respectively, so the leading terms of ¢,, and 12, are 2™ and m2xm2_1, respectively.

We claim that the images of ¢,, and ¢2 in K[z] C K(E) are coprime (since R is not PID, we don’t
talk about them being coprime in R). This is clear when n = 0,1. When n = 2 we should prove
x* — byz? — 2bgz — bg and 4a3 + byx? + 2bsx + bg are coprime in K[z] ([GTM106], Exercise 3.1). We
need to use that the discriminant of F is not zero, and we need to divide the characteristic of K by
three cases: 2, 3, or other; for the last case by linear change of variable we may assume by = 0. The
details are omitted. For general n > 3 we only need to show that in KJz], for any m > 0 we have (a)

(meJrlv’(/}%) = 17 (b) (w2m+17 w27Z;+2) = 1a and (C) (w2m+17 %) =1. The (a') holds when m = 07 1a (b)

holds when m = 0, 1, utilizing the fact % = 93(62% + bax + bd) — 13, and the (c) holds when m = 0,1, 2.
For the general m they are proved by induction.
We claim that

(0.5) Yi—Yi=Ys

m 2

_ (;bim _ wm—1¢m+1

- 2 =T - )2

holds in K(F). We should also show that for any m # 0, the image of ¢, in K(E) is not zero; this is
true when m = 1,2. Suppose m > 2 is such that the image of ,,, in K(F) is not zero, and (0.6) holds
for m, then the image of 1,11 in K(F) must be not zero. Suppose otherwise, namely the image of 1,41
2

(0.6) x o [m]



in K(E) is zero, then we have x o [m] = z, therefore for any P € E(K), either [m|P = P or [m|P = —P,
hence either [m — 1]P = O or [m + 1]P = O. But since m > 2, the [m — 1] and [m + 1] are all finite
morphisms, a contradiction. Starting from this, in the following we prove that (0.6) holds for m + 1.

It can be shown directly that (0.6) holds for m = 1,2. When m > 3 we use induction. From the first
formula in (0.3), we only need to show that when n > 2,

¢n+1 (bnfl _ 2(¢n/¢3)$(¢n/w%+x) +b2 (¢n/¢%)$+b4 (¢n/w721 +1') +b6
2 + 2 2 2
n41 n—1 (¢n/"/}n - .’E)

holds in R. This is equivalent to

(0.7) V5 — n1nngr (62% + bow + ba) + Ynpoth2 | + Yp_otp2 1 =0.

It can be checked directly when n = 2. To do induction from n — 1 case to n case, we only need to show
'(/Jn-l-l
wn72

which can be derived from the n — 1 and n case of the following formula

(08) wn+2wn72 = 7/)n+1¢n71¢§ - wi’:wi

(which is the special case of the general recursion formula (0.10) at (n,m,r) = (n,2,1)). Therefore we
only need to show that (0.8) holds when n > 2.
By direct computation, the (0.8) is true for n = 2,3,4. When n > 5, there are two cases. The first
case is n = 2m is even with m > 3. In this case we have
—3 - LHS = ¥ 19¥m+1 (Vo o®mi1 — Ym—302) (Vi iotm—1 — Yms3¥5,)
= (¢3n72¢31+1 - ¢m73¢m+1w31) (1/J72n+27/}72nf1 - ¢m+3wm71¢72n)
= (¢3¢72n—1w72n =+ ¢72n—2¢72n+1 - 7/’m—21/’?n¢%) (?/131/)72n+11/’72n + 1/)72n+2w72n—1
— Y20, 003) because (0.8) holds for m — 1 and m + 1
= (Al —|— A2 — Ag)(A4 —|— A5 — AG),
—3 - RHS = ¢ (¥mi20h, — Ym—1¥ii1) (Ym0, — Ymgrthd,_1)

+ Y302, (V21 Vg2 — 1/}m—27/f72n+1)2
=:3(B1 — B2)(Bs — Ba) + ¥3¢2,(Bs — Bs)?,

here A;As, Ay Ay, A3Ag cancels with B2, B2, By B3, respectively. Since (0.8) holds for m, it’s easy to
see that in the remaining terms, A Ag + AzAy, AsAg + A3As, B1By + B2Bs all contains 2, ¥,12 +
1/),271_‘_1@&,”,2 as a factor, and they canceled; the remaining four terms Ay Ay, A3 As, BoBy,2Bs Bg doesn’t
contain that factor, and they also canceled.

The second case is n = 2m + 1 is odd with m > 2. In this case we have

LHS = (Ymi3¥i 11 — Ym0l 0) (Yma193, 1 — Ym—othd) =t (A1 — As) (A3 — Ay),
RHS = ¢ ¥ms1 (V5 1¥ma2 — Yy 1¥m—2) (Vo ¥mts — Yo o®m—1)
— 3 (Vg2 — Ym—1¥3 1) = Ymthmi1(Br — B2)(Bs — By) — ¥3(Bs — B)?,

here A; Ay, Ay As cancels with By Bs, By By, respectively. Apply the formula (0.8) for m and m+1 case to
Ag Ay, A1 Az, we may eliminate v,,,_2 and 1,13, the terms containing 13 cancels with Bg, Bg. Similarly,
we can eliminate t,,,—o and ,,+3 inside Bs By, By B3, the terms containing 3 cancels with 2B5Bg. At
last, the four remaining terms containing 13 also cancels.

We claim that

(Yn—sp + U5 _113) = Ypiothy 1 + V313,

_ Wm me

- wT - wT

holds in K(E). When m = 1,2 it can be computed directly. By (0.5), we only need to show that when
n > 2 the

(0.9) ¢ 0 [m]

Wntl  Wpo1 " 222 (2, + 37) + boxp (2, + ) + bs(32,, + ) + 2bg
e

?z-&-l n—1 (vp — )3




holds in R, where z,, = ¢, /12 = & — 19,41 /1%. We have
(od 03 1) - LHS = 93 1 (¥20n43 — Yno19n o) — Y3 11 (V2 _othns1 — Yn_302)
= 2 (Y3 _1¥nss + V31 0ns) — (V2 Pnsz + U211 %n—2)” + 202 02 Ynsatas
= [Yn_1 (Untnyathd — st i1) + Yty (Vnthn—2t3 — Y3t _y)]

— (82 1 ng2 + Y2 n2) 202 02 (Yngrna¥d —s2) by (0.8)

= 305 (Vh_1¥nya + Vi 1¥n—2) — 203n 1 YRn 4y
— (V2 tnrs + U2 n2)” + 202 02y (Pnrno1¥E — at?)

= (20593 — (627 + baw + ba)hn—1Unthnt1) ((62% + bom + ba)thn_1Unthng1 — P35 )
— 20307 nn 1 + 200 1 (Yng1n1t3 —syl) by (0.7)

= 20305 3y — ((62% + bow + by)? + deb3) Y2 _ 22
+3(62% + oz + by) Y3 thn—1¥nt1 — 20505,

note that (622 + box + by)? + 41p3 = (122 + by)b3, by expanding the right hand side, it’s easy to check

that both sides are equal.
We claim that

(0'10) wn—&-m'(/)n—m'(/)g = wn—&-rwn—rwzn - '(/Jm—i-rwm—r’l/)ia Yn>m>r2>0

“__»

holds. It’s clear when one of the “>” is
(n,m, 1) case, namely

(0'11) wn+m'¢)n m = %H% 1'(/}2 - wm+1'(/}m 1'(/17217 Yn >m > 1.

This is because the (n,m,r) case can be obtained from linear combinations of (n,m, 1) -2, (n,r,1) -2
and (m,r,1) 12 case. We already proved that (0.11) holds when m = 2. When m =1orn—m = 0,1,2
the (0.11) can be checked directly. Therefore in the following we assume m > 3, n —m > 3. In this case

we have Y mVn—m = (Vnem¥n-mr2) (Unim—2¥n-—m) / (Yntm—2V¥n—my2), Applying (n +1,m — 1,1),
(n—1,m—1,1), (n,m — 2,1) cases, we only need to show

(¢n+27/)n1/}3n—1 - wm¢m—2wi+1) (11171—21/% 31_1 - ¢m¢m—2¢i—1)

= (¢n+1¢nflwr2an - ¢m71¢m73¢72;) (1/1n+1¢n711/}31 - merlqpm*lw?L) .

By (0.7) and (0.8) we may eliminate all the ¥, _o, ¥, 12 in the left hand side, and the remaining terms
are of three types: 1/1721711/1,%“, V2 _11Pn 11 and Pt It’s easy to see that first type terms canceled. The
coefficients of the last two types are also canceled, utilizing (0.7) and (0.8).

In conclusion, we have

. Note that we only need to show (0.10) for (n,m,r) =

Proposition 0.2 ([GTM106], Exercise 3.7). The division polynomials satisfy:

(1) V3, Yom+1, Yom /U2, Gm, Wamt1/V2, wam € Zba, by, bs, bs, z]; .

(2) The leading terms of Yam+1, Yam /2, dm and V2, are (2m + 1)z 2m*+2m mx2m2_2, ™ and

m2x ’1, respectively;

(3 In K[ ] - K(E) we have (/(/)2m+1a ¢%) = (meJrlv 11)2121:2) (¢2m+17 T ) (¢n71/)2)
(

When m # 0, the image of ¥, in K(E) is not zero, and we have (x,13) o [m] =

)
)
K(E), in particular, multiply-by-m isogeny [m] is of degree m?;
5)
6)

/_\

¢— zg’”) m

the recursion formula (0.10);
(722) the image of ¢y in K(E) has divisor _pe g, (T) — #E[n] - (O).
In the following we consider elliptic divisibility sequence (EDS for short), which is a sequence (W,,)52,
in K, satisfying Wy = 0 and the following recursion formula
(0.12) WotWi—mWE = Wy AWy W2 = W i W W2 Y >m > 1.
If Wy # 0, then the sequence (W,,/W7) is also EDS, hence in this case we usually assume W; = 1. When
W1 # 0 the following recursion formula also holds (which is not always true when Wi = 0):
(013) W’ﬂerWn*ng = WnJrranrWrQn - WererfrWsa Yn>m>r >0,

whose proof is similar to that of (0.10). Therefore if W7 # 0, W, # 0, then the sequence (W,,,/W,,) is

also EDS. It’s easy to see that for any ¢ € K*, the sequence (cn"’*lwn) is also EDS. The following is
4



some examples of EDS: (1) W,, = n; (2) W,, = Fy,,, where F} = F, =1, F,,.1 = F, + F,_ is Fibonacci
o‘::gn, here o, 8 = # are roots of z2 —z — 1 = 0; more
a”—pB"

generally, W,, = Lo, where Ly =1, Lo = A, L,,4+1 = AL,,— L,,_1, which has closed formula L, = vl
where a, 3 are roots of 22 — Ax+1 = 0; (3) W,, = (%), and W, = (_72), where (—) is Kronecker symbol;

(4) W,, = 1, is division polynomial, or its image in K(FE), or it evaluated at a fixed point P € E(K).
We claim that, when W1 W5 #£ 0, the recursion formula (0.12) is equivalent to the following recursion

formula:

sequence, which has closed formula F,, =

Woma W = Wi oW — W1 W3
Wom WoWE = W, (W2 _1Wingo — Wi Win_o)

We only need to show that they can derive (0.12). We may assume W; = 1. Note that (0.14) and the
initial conditions Wy, Wy, W3, W, determines the sequence uniquely. Suppose all of W; are not zero, then
we can prove formulas similar to (0.7) and (0.8), hence the proof is similar to that of (0.11). For the
general case we consider the sequence (V;,) in the ring R = Z[X,Y, Z], where V1 =1, Vo = X, V3 =Y,
Vi = XZ, and the remaining terms are determined by (0.14) uniquely. Similar to the proof of division
polynomial, we can deduce that V; is indeed contained in that polynomial ring. Note that all of V;
are not zero, since we have ring homomorphism R — Zla1, as, a3, aq,a6,2,y]/(f), X — 2, Y +— )3,
Z + 14/1p2, which makes the image of V; is 1;, which is not zero. From this, similar to the proof
of division polynomial, we can prove the recursion formula similar to (0.7), (0.8) and (0.11). Finally,
consider the ring homomorphism R — K, X — Wy, Y — W3, Z — W4 /W5, then (W,) is the image of
(V), hence (W,,) satisfies (0.12).

(0.14)



