ALGEBRAIC PROOFS FOR ELLIPTIC DIVISIBILITY SEQUENCES AND
DIVISION POLYNOMIALS OF ELLIPTIC CURVES

JUNYAN XU

ABSTRACT. We give a purely algebraic proof of the formula nP = (¢n(z,y) : wn(x,y) :
¥n(x,y)) in Jacobian coordinates where P = (z,y) = (x : y : 1) is a nonsingular point on
the curve given by a long Weierstrass equation Y2 +a; XY +azY = X2+ a3 X? +ay X + ag,
and ¢, wn, ¥, are explicit polynomials in ai,as, as,aq,a¢, X,Y with integer coeflicients,
with v, the well-known division polynomials. As a prerequisite, we give purely algebraic
proofs that the even-odd recurrence used to define 1,, and a particular Somos 4 recurrence

both give rise to elliptic divisibility sequences.

1. NOTATIONS AND THE STATEMENT

This note is aimed at proving in a purely algebraic way a well-known explicit formula for
scalar product nP for n € Z and P # O a nonsingular point on a curve in long Weierstrass

form. To state the formula, we introduce the following notations:

o Let J(X,Y,Z) :=Y?+a1 XY Z+a3Y 73 — (X3 +ay X? Z% + a4y X Z* + a5 Z°) denote the
(2,3,1)-homogeneous Weierstrass polynomial, so that J(X,Y,Z) = 0 is the equation
in Jacobian coordinates of the curve. a; (i = 1,2,3,4,6) can be explicit elements in
a field, or indeterminates in a polynomial ring.

o Let Jx(X,Y,7) :=3X?+2a,X 7%+ a4 Z* — a1 Y Z denote the negation of the partial
derivative of J w.r.t. X.

o Let Jy(X,Y,Z):=2Y +a; XZ + a3Z? denote the partial derivative of J w.r.t. Y.

e Given a field K and ay,...,a6 € K, a point P = (z : y : z) on the curve J over
K (a K-point of J) is an equivalence class of triples (z,y,2) # (0,0,0) satisfying

J(z,y,z) = 0 under the equivalence relation (z,y,z) ~ (v’z, udy,uz) (v € K \ {0}).
1
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If z # 0, P corresponds to the point (z/2%,y/2%) on the affine curve J(X,Y,1) =0,
and if z = 0, then both x and y are nonzero, and P is the unique point at infinity
(y/2)? : (y/2)* : 0) = (1:1:0).

e A point (z:y: 2z) of J over a field is nonsingular if Jx(z,y, z) # 0 or Jy(z,y, z) # 0.
The set of nonsingular K-points of J is denoted J(K) and is an abelian group by
transferring the well-known group law in affine coordinates (cf. [1]). We will discuss
the group law in Jacobian coordinates in Section 2.

e Define

by = a% + 4as
b4 = 2&4 + ajas
be 1= a% + 4dag

2 2 2
bs := ajas + 4azas — ajazas + asaz — aj.

Notice that if we assign weight i to a;, then b; also has weight 1.
e ([2], Exercise 3.7) Define division polynomials {9, },cz C Z[a1, as, as, as, ag, X, Y]

by the recurrence®

(1a) Vont1 = Pnpoths — o1 forn > 2
(1b) Yothon = Yn (Y2 _1¥nt2 — Ynoothl ;) for n > 3
(1c) U ==Yy forn <0

*Since 9 is a nonzero element in the polynomial ring over Z (which is an integral domain), it is not a
zero divisor, so s, is a well-defined polynomial provided that the right-hand side of the second equation is
divisible by 9, which can be proven by induction: either n is even and ,%,12 and ¥,1,_o are divisible
by 3, or n is odd and ¥2_; and ¥2_; are divisible by 3.

Alternatively, it is also possible to define an auxiliary sequence {Jjn}nez in a division-free way such that
Vp = &n for n odd and 1, = 1#21;” for n even. See normEDS in mathlib, [9], or Section 5.


https://leanprover-community.github.io/mathlib4_docs/Mathlib/NumberTheory/EllipticDivisibilitySequence.html#normEDS
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and initial values®
1/)0 - 07 ¢1 =1
1/)2 =2Y + (llX +as = Jy(X, Y7 1)
Py = 3X* + 0y X? + 36, X% + 3bg X + b

Vs = Po(2X°% 4+ by X° + 5by X + 1006 X> + 10bg X2 + (bobg — babg) X + bybs — b)

We also define

(1d> ’l/}rcz = (¢271¢n+2 - wn—2¢721+1)/¢2,
so that
(1e) Yon = Yn¥y,
and
(1f) 2V = 4X3 4 by X2 4+ 20, X + b = ¥ — 4J(X, Y, 1)

which is a polynomial in a single variable that evaluates to 2 when applied to a
point on J.

o If we assign weight 2 to X, 3 to Y, and ¢ to a;, we can check that v, is weighted
homogeneous of degree n? — 1 for n = 1,2,3,4 and by induction for all n, and that
¥¢ has degree 3n?.

In general, for a weighted homogeneous polynomial f in Zlas, ..., as, X, Y] of de-

gree d(f), we can consider its homogenization w.r.t. a new variable Z:

2) f = 200 (X )22, Y [ 2°)

*Exercise 3.7 in [2] does not cover the n < 0 cases, even though e.g. the definition of wy depends on ¢_;
and ¢ depends on .
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which can be obtained by replacing each term cX'Y7 by cX'Y7 Z%®) where d(c) is the
degree of the coefficient ¢, a homogeneous polynomial in indeterminates aq, ..., ag.
The resulting f” is homogeneous of the same degree d(f) if we assign weight 2 to X,
3toY,1to Z, and 0 to a;.

If we substitute a homogeneous polynomial of degree 2k into X, one of degree 3k
into Y and one of degree k — 1 into Z in f", we again get a homogeneous polynomial,
of degree d(f)k. ¢, and w, defined below form such a valid triple with ), with
k=n?

As examples, we have ¥ = Jy and o = 3X*+b, X3722+3b, X2 Z4+3bs X Z6+bs Z8.

Define two more sequences of polynomials {¢,, }nez, {wn }nez by the equations

§bn = pr% - wn—ll/}n—&-l
wa = JY<¢7M Wns ¢n)

Solving for w,, we obtain

wn = (V8 — a1¢nthn — azh?) /2,1

which does not obviously have coefficients in Z, but we will assume this for now and
prove it later in Section 3. An easy computations shows ¢, has degree 2n? and w,
has degree 3n?.

For convenience, we shall use P, to denote the triple of polynomials (¢,,, Wy, ¥,,), so
for a polynomial f in X,Y,Z, f(P,) means f(¢n,wn,¥y), and for a polynomial f in
X1, Y1, 21, X0, Yo, Zo, f(Pp, P,) means f(ém, Wi, Um, Ony wn, ¥n). If fis a polynomial
in X,Y only, we take f(P,) to mean f(¢,/¥?2,w,/1?). For homogeneous f € Z[ay,
..., ag, X,Y] we therefore have f"(P,) = v2?) f(P,) according to (2). An important

TExercise 3.7 in [2] neglects the a; and ag terms; [3] gives the correct definition.
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example is
W Pn VS(P) _ Iy(Pa) s e
o A R R b Sl s

The main theorem we will prove is

Theorem 1. Let K be a field, ay,aq,a3,a4,a6 € K, and P = (z,y) = (v 1y : 1) € J(K).

Then we have

(4) nP = (¢n(x,y) : wplz,y) : Yu(z,y))

for every n € Z.

This is Exercise 3.7(d) in [2], but without assuming J is nonsingular everywhere. It is

easy to verify that

¢8:27 (QS()ZU}oI’QZ)()):(lZlZO):O
Y1 = o, (p:wr ) =(X:Y:1)=P
Ve, =Y, <¢—n FWop ¢—n) = (an : JY(¢n7wn7¢n) — Wnp ! _77Z}n> =—-P

so we only need to deal with n > 2. (For the last equality in each row, we need to plug in
X =z and Y = y, or else consider the universal point P = (X,Y) on the universal curve.)
It turns out (see Section 2) that there exists “doubling polynomials” Dx, Dy, Dy € Zlay,
...,a6,X,Y, Z] and “addition polynomials” Ax, Ay, Az € Z[ay, ..., a6, X1, Y1, Z1, Xo, Yo, Z5]
such that for any field K and P:=(z:y:2) = (z1:y1: 21),Q := (22 : y2 : 22) € J(K), we

have

P+Q= (AX($17y17217$27y2;Z2> : AY($1’y1,Z1,Jf2,y2,Zz) : AZ(mlvylazlax%y%ZQ)) it P#Q

P+P: (DX(‘xay?Z) : Dy(l’,y, Z) : DZ(xvyu Z))
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This is a particularly nice property of the Jacobian coordinates, which e.g. the projective
coordinates do not enjoy (and in affine coordinates it is definitely necesary to special-case
P=0,Q=0and P+Q = 0). In fact we have Ay = X, 72 — X,Z? (independent of Y;,Y5)
and Dy = ZJy, both weighted homogeneous of degree 4, which forces Ax and Dx to have
degree 8 and Ay and Dy to have degree 12.

Now assume Formula (4) is true for all positive m < n, and split into two cases (n =
2m + 1 and n = 2m) following the proof of Theorem 5.21 in [3]. In the first case we know
mP = (¢n(z,y) : win(@,y) : ¥n(z,y)) and (M +1)P = (¢n41(2,Y) : wini1(7,Y) : Yt (7,Y))
by induction hypothesis, and we have mP # (m + 1)P because P # O. Therefore we just
need to verify the following identities, either for specialized aq,...,aqs, x,y € K satisfying
J(z,y,1) =0, or as identities between polynomials in Zlay, . .., as, X, Y] modulo J(X,Y, 1),
i.e. in the universal ring U := Zlay, . .., a6, X, Y]/(J(X,Y,1)):

(58’) ¢2m+1 = AX(Pma Pm+1)
(5b) Wom+1 = AY(Pm; Pm+1)
(5¢) Yomi1 = Az(Pry Prt1)

where we use the standard notation = to denote congruence (modulo J(X,Y, 1) by default,
and the same convention applies throughout the paper if the modulus is not specified). In

the second case we know mP = (¢, (2,y) : wn(z,y) : Ym(z,y)) so we just need to verify

(6&) ¢2m = DX(Pm>
(6b) Wom = Dy (Py,)
(6¢) Yom = Dz(Pn).

It is interesting to note that my proofs of (6a), (6b) and (5a) also invoke mP = (¢, : Wiy : ¥m)
(and (m + 1)P for (5a)), and not just for the specific (z,y), but the universal (X,Y’) on the

universal curve.



ALGEBRAIC PROOFS FOR ELLIPTIC DIVISIBILITY SEQUENCES AND DIVISION POLYNOMIALS OF ELLIPTIC CURVI

It is often convenient to work in the field of fractions Frac(U): J(Frac(U)) is an abelian
group with (X,Y’) a nonsingular point on it (of infinite order because of (4) and J(X,Y,
1) 1 ¢, for n # 0), so we can use group axioms (e.g. associativity) to identify rational
functions in X, Y modulo J(X,Y,1).

It is easy to verify that (5¢) and (6¢) actually hold exactly (without modding out J(X,Y,

(
1)), as was already done in [3]: (6¢) is simply the equation g, = 1,1 given (3b), and for

(5¢), just plug in the definition (3a) of ¢,:

= (Xiﬁg@ - ¢m+1¢m—1)¢i - (X%% - ¢n+1¢n—1)¢3n
= I/Jn—&—lwn—lw?n - wm—klwm—lwi - ¢n+m¢n—m

where the last identity is justified by the defining equation (1a) when n = m + 1 and by the
elliptic relation E(n,m,1,0) (12) in general. If n,m # 0, this could also be written in the

form

() On_ On _ tnimtnm,

R X
At this stage, it suffices to prove Formula (4) for elliptic curves (i.e. nonsingular every-
where) over the complex numbers (for which one can use a complex analytic proof using the
Weierstrass  function?), because the universal ring U embeds as a subring of the complex
numbers® say via some e : U < C. Apply Formula (4) to the point (e(X),e(Y)) on the ellip-

tic curve with coefficients e(ay), . . ., e(ag) over C and n = m, m+1 and 2m+1: these together

with (5¢) and mP + (m + 1)P = (2m + 1) P forces (5a) and (5b) to hold because 19,11 # 0

See e.g. Theorem I1.2.1 of [4], but some coordinate change will be required to derive division polynomials
for curves with a1, as, as terms.

$For example, we can choose six algebraically independent complex numbers and map a1, as,as, a4, ag
and X to them, and map Y to a solution of the quadratic equation J(X,Y,1) = 0 in C, which exists
because C is algebraically closed; this defines an injective ring homomorphism because the discriminant of
the quadratic equation is a polynomial of degree 3 in X and therefore cannot be a perfect square.
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in U, and similarly (4) for n = m and 2m together with (6¢) and mP +mP = (2m)P forces
(6a) and (6b) to hold because 1, # 0 in U for m > 0 (Exercise 3.7(b) of [2] shows that 2
lies in the subring Z[ay, . . ., ag, X] € U and has leading term n?X 7’1 a5 a polynomial in the
single variable X'). We nonetheless continue to pursue a purely algebraic proof by verifying

the four remaining identities (5a, 5b, 6a, 6b).

2. GROUP LAW IN JACOBIAN COORDINATES

In this section we derive formulas for Ax, Ay, Dx and Dy and show they indeed have
coefficients in Z. First suppose P = (x,y) = (x1,41) and Q = (22, y2) are points of J on the
affine plane. If P and @) has different z-coordinates, the slope of the secant line through P
and () is

(8a) k= (y1 — 1)/ (w1 — 32),
so the z-coordinate of P + @ is
(8b) X3 :k(k+a1) — (CL2+I1+JJ2),

the y-coordinate of —(P + Q) is

T1Y2 — Y12

(8C> Ys = k(373—56'1)+y1 = kl’3+n,
and the y-coordinate of P + () is
T1Ya — Y1
(8d) ys = —(y5 +a1x3 + az) = — ((/f + aj)xs + % + ag) )
1— T2

If P =@, we consider the slope of the tangent line at P instead, which is

(8e) k= Jx(z,y,1)/Jy(z,y,1).
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If we work with Jacobian coordinates P = (z:y:2) = (z1 :y1 : 21) and Q = (z3 : Yo © 22),

(8a) becomes

(8f) L — Y/ — /% _ Y17 — Yzt
/28 —19/22  2120(1123 — 2927)

and (8b) becomes

T3 g T2
8 2= k(k - L2
( g) Z% ( + al) (0,2 + Z% + Z%) )

and it looks like that z3 needs to be z125(7123 — x227) to account for the denominator.

But by some magic, z3 = 125 — 1527 is in fact enough. This can be seen by multiplying

the right-hand side of (8g) by 22 and replacing the z% term in z122 = x(z125 — 122})? by
23 — J(x1,91, 21) and similarly for the #3 in z922. This parsimonious choice of z3 makes the
formula more broadly applicable and in fact cover all cases with P # @, including the cases
P#£Q=0,Q+#P=0,and P=—@Q # Q. A similar magic happens for y3 (no need to
substitute z3 this time), and we arrive at the formulas
(9a)  Ax = —Z1Z,(2Y1Ys + a1 (X1 YaZy + XoY1Z5) 4 as(Y1 Z5 4+ Yo Z3))
+ 7373205 X1 X0 + ay(X1 Z5 + XoZ7)) + 20621 Zy + X1 Xo( X1 Z3 + X0 Z7)
(9b) Ay = X177 — X, 72
(9¢) Ayz =Y1Z; — Y27}
(9d) Axy = X1Y2Z) — XoY12,
(9e) Ay = (XPYaZs — XSV Z3) + a1 (X1Y5 2} — XoY2Zy) + auZ)y Zo( X1 Z5 — Xo Yo ZY)
— (V1Yo — 200 X1 X0 721 7y + a3(Ya Z? + Y1 Z3) — 20673 Z3) Ay 2
— (3X1 X021 20 + ay Z3 Z) Axy — a1 Y1YaZ1 Zo Ay

<9f) Ay = —(A;/ + CLlAXAZ + agA%)
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If we define

(9g) A/X = A%’Z + alzIZQAyzAZ — (GQZ%ZQQ + X1222 + XQZ%)A%

(9h) A;/ = Ay Ax + AxyAQZ
following (8b) and (8c), we can verify

(9i) BZ3Ax = Ay + Z281(Xy, Yo, Zo) + Z8J(X1, Y1, Z1)

The formulas (9a - 9f) have been verified by David Angdinata in Lean (Ax, Ay). No
similar magics happen for the projective coordinates, and in fact one has to take z3 =
2129(T129 — T221)?; due to the presence of the factor z;2,, there is no hope the formula can
apply to P+ O or O + P with P # O. The cube is necessary for y3, not for 3, so there is
some inefficiency going on here, which is not present for the Jacobian coordinates, because
the weighting there is exactly 2:3 for z:y.

We check that the formulas continue to work in the nontrivial case P = —Q # (. By
weighted homogeneity of Ay, we assume 2y = 2o = 1, s0 11 = o5 = v and y # yo =
—(y + a1z + a3), i.e. Jy(z,y,1) #0. We compute
Az(x,y, 1L, z,y2,1) =2 — 2 =0
Ax(z,y,1,2,y2,1) = —(—2y(y + a1z + a3) — arx(ayx + az) — az(a1x + az))

+ (2a92* + 2a47) + 2ag + 22°
= 2(® + 2% + a9x® + asr + ag) + (2y + arx + a3)(a1w + as)
=2(y" +y* + arwy + azy) + 2y + a1z + az) (a1 + as)
=2y(2y + a1z + a3) + 2y + a1z + a3) (a1 + as)

= (2y +ax + a3)2 = JY(Iayv 1)2 7£ 0


https://github.com/leanprover-community/mathlib4/blob/640f3a416b16adc546f80ef0e86ca2766c9e21e1/Mathlib/AlgebraicGeometry/EllipticCurve/Jacobian.lean#L351-L356
https://github.com/leanprover-community/mathlib4/blob/640f3a416b16adc546f80ef0e86ca2766c9e21e1/Mathlib/AlgebraicGeometry/EllipticCurve/Jacobian.lean#L381-L391
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where the third identity uses J(z,y,1) = 0, and

AY(xu Y, 17 X, Y2, 1) = JY<1:’ Y, 1)(_J;3 + alx(alx + CL3) + aux
— (—2y(y + a17 + a3) — 2a92* — as(a1x + as) — 2ag) + (32% + a4)x)
= Jy(z,y, 1)(2(1* + 2° + apx® + ayx + ag) + (2y + ayx + a3)(a1z + as))
- JY(‘T?ya ]-)3 7& 0
For @ # P = O, we check (Ax : Ay : Ay) evaluated at (1,1,0,z,y,1) is (z : y : 1); for

P # @ = O, we check that evaluation at (x,y,1,1,1,0) gives (z : y : —1). If P = @Q it is

easy to check the formulas produce (0: 0 :0) and therefore do not work.

Next we deal with the doubling formulas. In Jacobian coordinates, (8¢) becomes

o JX($/227y/Z371) _ Zi4jx($,y,2) _ ‘]X(xaya Z)
a Jy($/227y/23,1) B Z_3JY(xay7Z) N ZJy<(L',y, Z)

and it is therefore natural to take Dz = Z.Jy, and (8b) and (8d) become

(10) k

(11a) Dx = J% + a1 ZJxJy — (2% +2X)J3
(11b) Dy = Jx(Dx — XJ3) + Y Jy
(11C) Dy = —(D;/ + aleDZ + agD%)

The formulas continue to hold when P = @ = O, since Jx(1,1,0) = 3, Jy(1,1,0) = 2,
Dy(1,1,0)=32—-2-1-22 =1, Dy(1,1,0) = 3(1 —1-22) +1-2% = —1, D(1,1,0) = 0, and
Dy(1,1,0) = 1. Tt also holds when P = —P = @, in which case we have Jy(z,y,z) =0, so
Dx(z,y,2) = Jx(z,y,2)* # 0 (since (z : y : 2) is nonsingular), Dy (z,y,2) = Jx(z,y, 2)?,
Dy(x,y,2) =0, and Dy(z,y,2) = —Jx(z,y, 2)>.

Now, bring to mind that (¢o : ws : 1) is also supposed to give doubling formulas.

Since Dy = Z%Wy(X/Z%Y/Z?), we should expect Dx = Z8¢o(X/Z? Y/Z3) and Dy =
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ZV%wy(X/Z?,Y/Z?) modulo J, and indeed if we take

(11d) Dx = XJ} — 4

(11e) Dy = (Y5" — a1 Dx Dy — asD3)/2

(where ¢ and ¥S" are the homogenization according to (2) of 13 and 1§ respectively), then
we can verify that (11d) — (11a) = (12X + b,Z?)J and (11e) — (11¢) = (8Y? — 4y XY Z —
(a1bg —8az)Y Z3 — 28 X3 — (Thy + 4a2) X2 Z? — (by(by — 2a3) + 4(by — aq)) X Z* — (by(by — aq) —
4(bg — 2a6))Z°)J.

3. ELLIPTIC RELATIONS AND SOMOS RECURRENCE

The defining recurrence (1a - 1b) of ¢,, are special cases of the more general elliptic relation

(12) E(CL, b7 C, d) : waerz/)afbwc%»dwcfd = wa+cwa70wb+dwb7€l - wb+cwb70wa+dwa7du

where a,b,c,d € Z or a,b, c,d are all half-integersY. More precisely, (1a) is E(n + 1,n,1,0)
and (1b) is E(n 4+ 1,n —1,1,0). If ¢bo = 0 and ¢_, = —,,, we can check that arbitrarily
permuting a, b, ¢, d and/or negating any number of a, b, ¢, d yield equivalent relations. The
collection of all E(a,b,c,d) is equivalent to the axiom for elliptic nets introduced in [7]. [0]
and Exercise 3.7(g) and 3.34 in [2] concern the specialized relations E(m,n,r,0).

It is a surprising fact that (1a - 1b) is sufficient to imply all other elliptic relations, which
is traditionally proven using elliptic functions [7, ]", but we’ll also give a purely algebraic

proof. An especially useful family of elliptic relations is the Somos 4 recurrence
(13a) E(n,2,1,0) 1 Ynpotn_o = ¢§¢n+1¢n—1 - ¢3¢Z

11Allovving the half-integer case does not make the relation more general, because the four subscripts in
each term still add up to an even number, and there is at least one way to break the four subscripts into two
pairs, each adding up to an even number. However, allowing half-integers is necessary to carry out certain
inductive proofs about these relations.

ISee also Silverman’s comment in [0].
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which determines one term (1, 12) of the sequence ¢ from the previous four terms plus the
constants ¥y and 13, provided v, o is not a zero divisor. This is highlighted in Section
4.3-4.4 (page 51) in [5] and attributed to [6].

Given a sequence satisfying a Somos recurrence of the form

(13b) wn+2wn72 = A¢n+1wn71 - Bwia

we show that (4002 | + V2, 1 Un—2 + AY2) /thpi1¢niPy_1 is an invariant independent of n.

Indeed, multiplying a relation of the form

(13c) C(¢n+2¢2—1 + ¢721+1¢n72 + /Wi) = Dtpp1¥nthn_1

by 1,12, we obtain

Dyyothniitnthn_1 = C(Y2 002 1 + Ynioln_othl 1 + Athniot)?)
= C(2 iy + (Api1¥n—1 — BUW2 1 + (Uniathn_1 + Bin )2

= C (s + P2 gthn1 + AYS, )1,

where the second identity uses the Somos recurrence (13b) twice, at n and n + 1. If ¥,
is not a zero divisor, we can cancel it from both sides and arrive at (13c) with n replaced
by n + 1. In general, if £ < n and ¥g_1, %Yy, ...,Y,_o are not zero divisors, we can prove by

induction

Uk rr—1(ng2th_ + wiﬂwn% + AY)) = (Yryati_y + winH + AP i 1Unthn_1.

Specializing to division polynomials (or more generally an elliptic divisibility sequence) and

k = 2, and cancelling 1) from both sides, we obtain

(13d) V3(Pniotn_y + Vp o Wng + V300 ) = (U5 + U5 ni1thntn_1.
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We have 3 | 1, 110n,_1 (or even Y3y | ¥ 11,1, 1) because 1) is a divisibility sequence.
However, 13 only divides the other factor ¥§ + 13 modulo 8.J(X,Y,1):

(13¢) U5+ = (6X° 40X + ba)us +8J(X, Y, 1)(27(X, V1) + 45",

This is a more precise version of formula 2.5 in [¢], and when plugged into the right-hand

side of (13d), it gives
8J(X, Y1) | 3(Ynratln_y + Uiy ¥na + U5 — (6X° + 0o X + ba) i 1¥nthn-1).

Since both 2 and J(X,Y,1) are prime elements in the polynomial ring (a UFD) and does

not divide 3, we conclude

(13f) Wnsatin_y + ¥n ¥z + U505 = (6X7 + 02X + ba)npatnthpr  (mod 8J(X,Y,1)).

Another application of the Somos recurrence is to prove the integrality of w,. It suffices

to show that 2¢»w, has even coefficients, because 2 is coprime to 1,. We have

2oy = Po (Y5 — a1dntn — azty)
=P Unra — Yoy — Ya(ar (XU, = Ypirn 1) ¥n + asty)
= Y30 + (02X + ba) 1 ¥ntn—t + Ya(( X + az)dy, + a1t athu—r)  (mod 2)
= a(v2 + X + az)ty, + (@12 + 0o X + D)1 tnthn
=20 (Y + ay X + a3)? + 2(a1Y + (a3 + 2a9) X + ag + a1a3)Pn 11

=0 (mod 2),
where the first congruence is by (13f).

4. VERIFICATION OF IDENTITIES

In this section, we verify the four identities (5a, 5b, 6a, 6b), and we switch from m to n in

the subscripts. These are just one sentence in [3] (“one performs a similar verification for ¢,
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and w,”), and it is surprising that the four proofs I worked out are of quite different flavor
from each other. I would be curious to learn about alternative, especially simpler, proofs.

We first verify the two doubling identities (6a) and (6b). Since Jy = 1 is the (weighted)
homogenization of ¥y and P, = (¢, wn, ¥y ) lies on J by inductive hypothesis, we can replace
Jy(P,)?* by wQ "(P,) = ¢2(P,)? — 4J(P,). On the other hand, we also have Jy(P,) = vy
by (3b). The right-hand side of (6a) is

Ondy (Po)? — 5 (P)
= XU (05)” = Ynprthn 1t " (Po) = ¥(P)  (mod J(X,Y,1))
= X003, — Yni1n 1 (405 + badhtbh + 24001, + by) — (304, + badntbis + 3baginthy, + 3bedntll, + bsthy)
= X3, + 5 — 205 un a1t 1 + (6X2 + X + b)Yih (Yns1tn-1)? = (Yniatn1)*

where the last identity is by substituting ¢, = X? — 1,11, plus brute force, while the
left-hand side is

Gon = X3, — Yons1on 1

= X3, — (Ynio¥h = Pnoatd ) (Gnpath ) — Pnathl)

= X5, — g nsatns + Uitni1tn 1 (Ynrali_i + Unatiyy) — (Unprtn)*

= X435, — U5 (U3 Uni1tn1 — P5i))

+ Yo 1Un-1((6X% + 02X + by) 1 Unthn—1 — V3105) — (Ynsathn1)’  (mod J(X,Y,1))

= X5, + a3y — 20500 tnatnr + (62 + 02X + 00y (Yns1¥n1)® = (Yns1¥nr)’
(where the congruence (fourth line) uses both (13a) and (13f)), which only differ from the
left-hand side by 12 vs. 12"

We can also directly show J(F,) = 0 in the universal ring U. For this calculations it is most

convenient to work in Frac(U), where we are free to replace denominators by expressions
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congruent modulo J(X,Y,1). We have

J(Pp) = wn(wn + a10ntn + agibp) — (¢, + a2ty + asdntly, + asiy)
wz - a1¢nwn - G3¢2 . wz + a1¢nwn + a?ﬂﬁ% .

2 2
— (wfz)z — (al(bnl/}n + a3¢§z)2 .
4
_ (V2 Wngo — Ynooti)? /105 — -+ -
4
(2 nga + Y 0241)° — Wt o (Unat )2 /05—
4

Using (13a) and (13f) again to replace 9, 12¢,—2 and ¥2_ 9,10+ 1,—292, | but changing any
resulting ¢35 to zpi(” and expand ¢,, = X2 — 1,1 11,1 by brute force, we get exactly zero.

We can in fact write (6a) in a very succinct equivalent form: multiplying both sides by 2

(which is nonzero in U), the right-hand side becomes
%(%Jy(Pn))Q o wiw:}SL(Pn) = ¢n(¢n¢2)2 - wiw:}zl(Pn) = ¢n¢§n - wi¢§(Pn)v

so (6a) is equivalent to Y22 (P,) = ¢p1b3, — Ganth? = 13,9, using (7a), or ¥, Y2 P,) = 1s,,.

This is the m = 3 case of the general formula

which can also be writen as
¢mn/¢n = Wn(Pn)

for n # 0 (notice that ¥, | ¥, for all m,n because ¢ is a divisibility sequence). Since
Y = =Yy (P,), this is also equivalent to 1, = Y™ 4, (P,), the last identity in (2.3)
of [3]:

(14b) Ymn (P) = 03" (P)dom(nP)
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(understood to hold modulo J(X,Y,1)). For m = 2, (14a) says Jy(P,) = ¢3(P,) =
Yo /Wn = ¢, which holds exactly by definition (3b) (without modding out J(X,Y,1))

and the m = 1 and m = 0 cases are trivial.

For (6b), since we have already proven Dx(P,) = ¢9, and Dz (P,) = 1s,, the right-hand
side is simply (YS"(P,) — a1¢onthon — az ) /2 according to (11e), while the left-hand side
is (¢S, — ay1donibe, — azd )/2, so it remains to prove ¥5, = ¥S"(P,). Expanding the left-
hand side using (1d) and (1a) leads to factors ranging from ),,_3 to 1,13, and many of the
resulting terms I do not know how to deal with.

ch

Instead, we notice that our goal ¥, = ¥$"(P,) is exactly equivalent to the m = 4 case of

(14a): multiplying both sides by s, = ¥,1¢ we get
Yan = Yontls, = Vntl 5" ()

We first prove the special case of (14a) with n = 2: 1y, = ! (P;), which we will use

in the form

(14c) Yom = V5 Y(Po)

to exploit self-similarity within the division polynomials using the fact that 4 = 2 x 2. We
will in fact show that for fixed n, if (14a) holds for m = 0,1,2,3,4 then it holds for all
n € Z; therefore the m = 4 case we are tackling now is the last obstruction to proving it in
full generality. It is clear that switch from m to —m does not affect validity of (14a), so we
assume m > 0 and argue by induction: if m = 2k + 1 > 4, we can use the elliptic relation

E((k+ 1)n,kn,n,0) to write

wmnwi = w(k+1)n+kn¢(k+1)nfknw72z

= w(k+1)n+n¢(k+1)nfnwgn - wknﬂ-nwkn—nw?k—i-l)n
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= w(k+2)nw2n - Q/J(kfl)nq/J?k—&-l)n

= Untiest (P) (0n (Pa))? — nt_y (Po) (Vnthiigs (Pa))?

= U (V¥ — Yea¥i )" (Pn)

= Ui (P) = Ut (Pa)
where the congruence is by induction hypothesis, since k + 2 < 2k + 1; we then cancel 93
from both sides to conclude (14a). Basically we exploit homogeneity and scaling invariance
of the elliptic relations, and the same argument applies for m = 2k > 4, where we use
E((k+ 1)n, (k —1)n,n,0) and cancel 1,72 from both sides instead.

Some digression to further showcase the power of this technique: if we look at only the first

three rows of the above computation, we see that we can deduce ¥, | ¥, from induction

hypotheses ¥y, | Y—1)n, ---» Un | Y@t2)n, 50 to show 1y, | 1y, for all m,n we just need to

verify it for m = 1,2,3,4. The m = 1 case is trivial, and for m = 2,4 we have ¥, | ¥, | Yu4n

because wZn = ¢nw‘ri For m = 37 use E(zna n, 17 O) : anwn = ¢2n+1¢2n71¢£ - wnJrlwnflw%n'

We can also cancel ¢ from both sides of

(bmnwi = ¢n ?nn - 7vb(m—l-l)nﬂb(m—l)n
= ¢]11(Pn)(wn¢gz(Pn))2 — U r};—i-l(Pn)wn g@—l(Pﬂ)

(where the first identity is by (7a)) to show ¢, = " (P,), and easily show
. = Vamn/Vmn = (Wt (Po) /(i () = W5 (),

as well as

Wmn = ( »,Cnn - a1¢mn¢mn - a3¢§rm)/2

= (W(P,) — a1l (Pt (P,) — asyl (P,)?)/2
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_ c o 3\h P)/2 = h P
- (wm algbmdjm a3"7bm) ( n)/ - C‘“}m( n)

noticing that the homogenization of a; is a;Z* which evaluates to a0, at P,. This establishes
the remaining two identities in (2.3) of [3].

It remains to verify the identity 1o, = 191" (P,) for m = 4, which we have shown is
equivalent to the more manageable goal ¥§ = ¥$"(P,). Even though Mathematica success-
fully verifies it, this is still a huge computation and may cause trouble in Lean: in fully
expanded form (b; replaced by a;), ¢2 has 14 terms, 1), has 3 terms (ws has 58 terms but is
not involved), and ¥§" is a polynomial with 37 terms of degree 6 in X (¢3) and degree 12
in Z (17), resulting in a total of 19,162 terms in ¥§"(P,), compared to 17,747 terms in 15.
Their difference is 4.J(X,Y, 1) times a sum of 10,303 terms.

A more practical way to verify the identity is to expand 1§ using the defining recurrence, re-

sulting in 3u3ys— (03-+03) (05 208 = 3 (43 gius - ((w§<”)4 + wg) (¥5)2 - 24, a

polynomial in X only, and to transform $"(P) = v4205(6s/03) = (v37) us (64" /03"),
where ¢§” =X 1/15(1) — 13 is the polynomial in X congruent to ¢s. Since both sides are
polynomials in X and congruent modulo J(X,Y, 1), they must in fact be equal, and this can
be verified (both sides have 5,387 terms). Using this proof we won’t need to manually input
an expression of 10,303 terms into Lean.

Back to the proof of 1y, = ¥,k (P,), or equivalently vy, = 1¥1%1,(P,). We compute

Yin _ U5 Yon(Py) _ an(Py)
djén B ( 32?/111(132))4 ¢n<P2)4

- wn(PQ) ¢7’L(P2)
= 2B T (B T
—9 WQ(Pn) ¢2(Pn) tas

Ga(Pa)?  n(PL)?
_ u(Ph) _ tha(B) Yr8ipa(Py)
¢2(Pn)4 (¢2n/¢é)4 ¢§n 7
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where the second, third, and fourth identities use (3d), and the second congruence is by
computing (2n)P in two different ways: as n(2P) = nP, or as 2(nP) = 2P,. Notice
that P, = (¢n,wn, ¥n) gives a valid formula for nP by induction hypothesis, and n(2P) =
(2n)P = 2(nP) relies on associativity of the group law, which is a nontrivial fact but can
also be proven algebraically [1].

This computation is best carried out in Frac(U), where all the Z-coordinates (1o, ¥, (P)

and 1, (P,)) never vanish, as the universal point (X,Y") has infinite order.

Having dealt with the doubling formulas, we proceed to the addition formulas (5a) and
(5b). In general, given two points @ = (z1,y1) and R = (x2,y2) on J, we have —Q = (1,
—y1 — a1y —ag). lf oy # 29, let —Q + R = (z,y) and Q + R = (x3,y3), then (8a) and (8b)
apply to both addition and yield

T3 — k(k + CL1) — (CLQ + T + .1'2), xr = ]{3/(/{?/ + CL1> — (CLQ + T + .732),

where

— —Y1 —a1x1 —as) —
L — hn ?Jz? k:’:( hn 121 3) y27
r1 — X2 xT1 — T2

and we have
r3=x+k(k+a)— k(K +ay)

=x+(k—K)k+FK+a)
(2y1 + a121 + as) . —(2y2 + a122 + a3)

=+
X1 — T2 1 — T2
_ . (Q)a(R)
(21 — )%

Now consider the two points Pn = (an/wznwn/lpi) and Pn—H = (¢n+1/wg+1awn+l/¢2+l>
over Frac(U), which indeed have distinct X-coordinates. We have P, = nP and P, =
(n+ 1)P by induction hypothesis, so P, + P11 = (2n+1)P and — P, + P,;; = P = (X,Y),
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and the above formula becomes

Yo (Pn) 2 (Pri1)
S N R Y [T
X (V2n /) Wa(ns1) Vi)
(onsr /Y202 )
_x_ Yenin-1Pentn ¢2n+1‘
Vit Vani1

where the second identity uses (7b) and (3d). Since w3 = Ax(P,, Pyy1)/Az(P,, Pyi1)? in
Frac(U) by the addition formulas in Jacobian coordinates and we already know 9,11 =
Az(P,, Pyy1), we conclude that ¢g,.1 = Ax(P,, Py11), namely (5a). It might be possible to
“homogenize” this argument to make it work within the polynomial ring Zlay, . .., ag, X, Y],

but that probably makes it more cumbersome and less insightful.

Given that we already showed x5 = ¢o511/93,,1, it suffices to show ys3 = wapi1 /95, =

(Yo(Paps1) — a1 — ag)/2 in Frac(U) to prove (5b), or 2ys + a123 + az = Ya(Papy1). Write

L — Y1 — Y2 (V2(Fn) — a171 — a3)/2 — (Y2(Pat1) — ara — ag) /2 _ Va2(P) — Ya(Put1) et
-1y T1 — T B 2(x1 — x9) 2

and
T1Y2 — T2 _ x1¢2<Pn+1) - $2¢2(Pn) as

T — T3 2(x1 — x9) 2

we obtain from (8d)

2y = — <¢2(Pn) - ¢2(Pn+1) + a1> 3 — 1‘1¢2(Pn+1) - $2¢2(Pn)

X1 — T2 X1 — T2

— as,
SO

(1 — 22)(2y5 + a173 + as)

= — 23(a2(P) — ¥2(Poy1)) — 21tha(Prs1) + 2219 (P,)
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= - (X - —Q”jgﬂ”f") (v2(Pa) = ¥2(Pusr)) - (X - —¢"+$”‘1) ¥a(Pos) + (X - %Eﬂf”) Va(F)
n+ n n4
— ¢”+1Z§+1¢n¢" (V2(Fn) — ¥2(Pat1)) + —wniﬁnl%(}%ﬂ) - wn?wn%(Pn)-
2n+1 n n+1

Since 15(P,) = ¥¢ /12 by (3d), all terms in the last expression are products of terms of the
sequence v and are free of all variables aq, ..., a6, X,Y, and it suffices to show that it is

equal to

(xl 172)@[)2 (P2 1) _ w2n+1 wgnJrl _ ¢§n+1
- n+1l) — : =
'r27,+1 ¢% ¢gn+1 ¢§n+1¢72z+17/)%

which has the same property. Computational experiments show that the identity holds
for any elliptic divisibility sequence v, so we should be able to prove it in that generality.
Multiplying by the denominator 3, .92, 92 and using 12(P,) = ¢¢ /12, our goal becomes

¢2n+3¢§n - 77Z}2n— 1 77Z)§n—i-2
(0

It turns out

w2n+3wgn - ¢2n— 1 ¢§n+2

= Vonp1 = Una¥n (Unnn — Ynaa¥n) + Vo (Va1 1 — Yngatl}).

3 3
- TCL+1¢;(¢Z n+1 qcz+1¢n)

(o>
 nrs¥an — Ot VR () — (s — o) (50
(0
. (wz)g 2+1wn+3¢% - 1/’n—1"/172L+2 + ( ;;H_l)sz wn+2¢ifl - %—2%2#1'

(0> (o

There are a total of 8 terms if expanded out. Among these, the 1st term cancel with the 6th,
and the 4th with the 7th, and the 2nd term pair up with the 5th, and the 3rd with the 8th,
simplifying to ((p—19¢ 1) — (Vni208)?) thans1. Factoring the difference of squares, we see
that our goal reduces to VotPon 1 = VY1, + Ynyoty,. Expanding ¢ we see that this is
exactly equivalent to F(n+1,n,2,0). (One can discover this factor by expanding everything

to terms around 1), and factoring the resulting expression.)
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5. ELLIPTIC RELATIONS FROM THE DEFINING RECURRENCE

See [9] for now.
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