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APPENDIX A. BOUNDING ) ~* — [ %%, OR APPROXIMATING ((s)

n<a 0

We want a good explicit estimate on

Z__ =

n<a

for a a half-integer. As it turns out, this is the same problem as that of approximating (s) by a sum
> -,n~ % This is one of the two' main, standard ways of approximating ((s).

The non-explicit version of the result was first proved in [HL21, Lemmas 1 and 2]. The proof
there uses first-order Euler-Maclaurin combined with a decomposition of || — x + 1/2 that turns
out to be equivalent to Poisson summation. The exposition in [Tit86, §4.7—4.11] uses first-order
Euler-Maclaurin and van de Corput’s Process B; the main idea of the latter is Poisson summation.

There are already several explicit versions of the result in the literature. In [Che99], [Kad13] and
[Sim20], what we have is successively sharper explicit versions of Hardy and Littlewood’s original
proof. The proof in [DHZA22, Lemma 2.10] proceeds simply by a careful estimation of the terms
in high-order Euler-Maclaurin; it does not use Poisson summation. Finally, [dR24] is an explicit
version of [Tit86, §4.7—4.11]; it gives a weaker bound than [Sim20] or [DHZA?22]. The strongest
of these results is [Sim20].

We will give another version here, in part because we wish to relax conditions — we will work
with |J's| < 27a rather than |s| < a — and in part to show that one can prove an asymptotically
optimal result easily and concisely. We will use first-order Euler-Maclaurin and Poisson summa-
tion. We assume that a is a half-integer; if one inserts the same assumption into [DHZA?22, Lemma
2.10], one can improve the result there, yielding an error term closer to the one here.

Notation. We recall that e(«) = >, and O*(R) means a quantity of absolute value at most R.

A.1. The decay of a Fourier transform. Our first objective will be to estimate the Fourier trans-
form of ™1, . In particular, we will show that, if a and b are half-integers, the Fourier cosine
transform has quadratic decay when evaluated at integers. In general, for real arguments, the
Fourier transform of a discontinuous function such as ¢*1, 3 does not have quadratic decay.

LemmaA.l. Lets=0+ir,0 >0, 7 € R Letv € R\ {0}, b > a > QLT‘ . Then

v
0] Y S Racl
/a et = A / el O+ / e(o(t))dt, (A1)

2 (t 2mi(p), (1))
where o, (t) = vt — ;- logt.

b

Proof. We write t—*e(vt) = t~%¢(y,(t)) and integrate by parts with u = t~7/(2mwi¢)(t)), v =
e(pu(t)). Here ¢, (t) = v — 7/(2nt) # 0 for t € [a,b] because t > a > |7|/(27|v|) implies
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lv| > |7|/(27t). Clearly
udv = ——— - 2mi! (e, (t))dt = t™7e(p, (t))dt,

_Utfafl t—aw//(t)
du = — Y dt.
! (m;(t) 270 (£))?

while

0

Lemma A.2. Let g : [a,b] — R be continuous, with |g(t)| non-increasing. Then g is monotone,
and ||gllvv = lg(a)] = lg(b)].

Proof. Suppose g changed sign: g(a’) > 0 > g(b') or g(a’) < 0 < g(V) forsome a < o’ <V < b.
By IVT, there would be an r € [d/, '] such that g(r) = 0. Since |g| is non-increasing, g(b') = 0;
contradiction. So, g does not change sign: either ¢ < 0 or g > 0.

Thus, there is an ¢ € {—1, 1} such that g(t) = €|g(t)| for all ¢ € [a, b]. Hence, g is monotone.
Then ||g||rv = |g(a) — g(b)|. Since |g(a)| > |g(b)| and g(a), g(b) are either both non-positive or
non-negative, [g(a) — g(b)| = |g(a)[ — [g(b)]. O
Lemma A.3. Let ¢ : [a,b] — R be C' with ¢/(t) # 0 forallt € [a,b]. Let h : [a,b] — R be such
that g(t) = h(t)/¢'(t) is continuous and |g(t)| is non-increasing. Then

b

[ noetetanar| < 2L
a s

This is a statement of known type (‘“non-stationary phase”).

Proof. Since @ is CY, e(p(t)) is C1, and h(t)e(p(t)) = B Le(p(t)) everywhere. By Lemma

2w’ (t) dt
A.2, g is of bounded variation. Hence, we can integrate by parts:
b b b
ht)e(e(t)) / h(t)
h(t t))dt = ———=| — t)d .

The first term on the right has absolute value < w. Again by Lemma A.2,
b
h(t) 1 lg(a)] — 1g(b)|
t)d < — ===
[ ctona ()| < o-tallee = 2912

We are done by \g(a)\;rlg(b)l + Ig(a)IQ:rIg(b)\ - Ig(ﬂc_b)l. ]

Lemma Ad4. Letro > 0, 7 € R, v € R\ {0}, Letb > a > %I‘VI Then, for any k > 1,
f(t) =t=°7%2rv — 7/t|=* is decreasing on [a, b).

Proof. Let a < t < b. Since |Z| < 27, we see that 2 — = > 0, and so |[27v — 7/t|7*! =

k-1 o
lv|7*t (2m — L) . Now we take logarithmic derivatives:

tv

T/t 2nk + =
t(1 1)) = — Ey—(k+1)—-t—r=—0—- —-® <« <0,
(o8 () =~ +K) = (k + 5y = -0 = S < o <
since, againby%<27r and k > 1, we have 27k + = > 0, and, as we said, 27 — £ > 0. L]

Lemma A.S. Lets=0+it,0 >0, 7 € R Letv e R\ {0}, b > a > " Then

2r|v|*
ool )" a0 9
/at Wit = i | T2 © (w—m“w—wg)’

where ,(t) = vt — -logt and ¥ = 5.
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Proof. Apply Lemma A.1. Since ¢/, (t) = v — 7/(27t), we know by Lemma A.4 (with & = 1) that
g1(t) = (t G ))2 is decreasing on [a, b]. We know that ¢/ (t) # 0 fort > a by a > v || - and so we
also know that ¢, (¢) is continuous for ¢ > a. Hence, by Lemma A.3,

/ab#e(%(t))dt' S ICII o

27l (t) 2 ow 212 |y — 9>

since ¢/ (a) = v — 1. We remember to include the factor of ¢ in front of an integral in (A.1).
) Si{}ce ¢! (t) is as above and ¢’ (t) = 7/(27t*), we know by Lemma A.4 (with & = 2) that g5(t) =
W = ‘2;' |fp_ (t_)|3 is decreasing on [a, b]; we also know, as before, that go(¢) is continuous.

Hence, again by Lemma A.3,

/b AQ e(%(t))dt' C Llge@l _ 1 ot

2mi(pl,(1))? ~2r 7 212 |y — 9°

O

Lemma A.6. Let s = 0 + i1, 0,7 € R. Let n € Z~y. Letab€Z+1 b>a> % Write
¢y (t) = vt — = logt. Then

(1 A

— 2t
o 2mi (n? = (35)°)

It is this easy step that gives us quadratic decay on n. It is just as in the proof of van der Corput’s
Process B in, say, [Tenl5, 1.6.3, Thm. 4].

Z 27rzg01,

=+n

Proof. Since e(y,(t)) = e(vt)t~ = (—1)"t~"" for any half-integer ¢ and any integer v,

b b

oeale)f (1
2mi), (1) 2mi),(t) |,
for v = £n. Clearly (—1)” = (—1)". Since ¢, (t) = v — a fora = 5,
Z 1/2 N /2 —a o«
n—a -n—a a2-—n2 n2-—a2

v= in/¢”

Proposition A.7. Let s = o+ i1, 0 > 0, 7 € R. Let a, beZ+1 b>a> U Write 9 = 5
Then, for any integer n > 1,

b — T
_1)ngs T
/ t% cos 2mnt dt = ( ) . L
a 2mi n2 — (L)

27t a

—o—1
+ 1 O*((U S U . )

42 n—29)?% (n+9)? |[n—=0p |n4+9

b

Bl

Proof. Write cos 2mnt = $(e(nt) 4+ e(—nt)). Since n > 1 and a > ‘ﬂ' we know that a > 5~-, and
so we can apply Lemma A 5 with v = +n. We then apply Lemma A.6 to combine the boundary
contributions |” for v = 4n. O



