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for all vectors v,w € R™ and some real-valued function o on U. In
particular, the characteristic function e is related to f by e?™®) =
|dfxv|/|v| for all v # 0. We begin with a difficult lemma giving
a strong implication of the conformality of f on the function o.
Throughout the remainder of this chapter we will assume that f is of
class C* and that the dimension n > 3.

Lemma 5.1. Let f be a conformal map with characteristic function
e?®) . If o is not a constant, then d*(e™°)x(v,w) = a(v,w) for some
constant o.

Y2
Proof. Let vy,...,vybe # mutusllyorthogonalunit vectors in R™.
Then (dfxv;,dfxv;) = €27 (v;,v;). Differentiating this, we have (see,
e.g., Section 3.2)

(A fx (i, Vi), dfx (V) + (dfx(Vi), d° fx (v, Vi)

= 2¢*7 (v;,v;)doy (V).

Cyclicly permuting the indices %, 7, k, we also have
(@2 Fx(Vi, v5), dfx (Vi) + (dfx(Vi), & fx(vi, V)
= 227 (v, vi)dox (v;),

(dzfX(Vjavi)a dfx(Vi)) + (de(Vj)a dzfx(vkavi»
= 2 (v;, vi)dox (Vi)

Adding the last two equations and subtracting the first gives

<d2fX(Vj’V’i)7 dfx(vk»

20((Vkavz>dUX(V3) + (Vg,vk}dUX(Vz) (Vzavy>d0'><(vk))

Therefore, since {dfyx(Vg)} is aaq-&;t-hegeaal.bas;s of R™, it follows that
{e=ZdfstvrHie-en-orthonommal-basis—and for ++#4 we have

W iVa

(5.1) d? fx (v, Vi) = dox(v4)dfx (Vi) + dox(vy)dfx(vz),

andfori-=3 | Lene for ulvis &3P (4w =de( u)JB»f‘;D 5
< _‘(u\j t w
(5-2)- & fxlve v ="dos (v = Y‘,;,, (Vi) dfse (Vi)
k‘;éz

Note that so far we have not required that ¢ be non-constant.
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u 1¥
Suppose now that4—=== Then, multiplying equation (5.1) by
e~ 7, we have

6_0d2fx(‘hv vi) +d(e” 7 )x (Y dfx(ve) + d(e_U)X(Vi)de(u) = 0.

Differentiating again gives

d(e_U)X(Vﬁ)d2fx (A ve) + e_adeX(u’ Vi, Va)
+d*(e™ ) (W Vo) dfsx (Vi) + d(e™) (W) d° fx(Vi, Va)
+d*(e™7)x(ve, V) dfx (W) +d(e™7)x(ve)d® fic (W, Vo) = 0.

Now the second, fourth, fifth and the sum of the first and sixth terms
are symmetric inV a,nd\l" therefore, since the right hand side (triv-
ially) is symmetric inV and ¥, the third term must also be symmetric

in¥; and ¥, Thus, for distinet-irsrs Lved u , for Gy WV, Goh Lu,

42(e= ) (0h, V) () = d2(e™ )y Vi) dfx (V).
g Voo V3 L indep., . .
%, it follows that dfy(v;) and df«(vz) are linearly indepen-

dent, and hence

d*(e™)x(u,v) =0

for all orthogonal vectors u and v. Note that we have used n > 3 in
our argument. Now, by Theorem 3.7,

d*(e™x(u,v) = afu,v).

Thus it remains only to show that a is a constant; but this is
relatively easy. First, by differentiation,

d*(e%)x(u, v, w) = day (w)(u, v);

notice that f must have derivatives of order 4. Interchanging u and
w, we have

(dax(w)u — dax(u)w,v) =0
for any v. Therefore day(w)u — dax(u)w = 0, but choosing u and

w independent we see that dax(w) = 0 for any w, and hence that o
is a constant. L]

We now state and prove our main theorem.
Theorem 5.5. Let f be a one-to-one C* conformal map of an open

set U C R™ onto f(U), and suppose that n > 3. Then f is a compo-
sition of similarities and inversions.



