
Tyler R. Josephson
AI & Theory-Oriented Molecular Science (ATOMS) Lab

University of Maryland, Baltimore County

Twitter: @trjosephson
Email: tjo@umbc.edu

Lean for Scientists and Engineers

Boba Beach
Grynpyret

https://twitter.com/trjosephson


Lean for Scientists and Engineers 2024

1. Logic and proofs for scientists and engineers
1. Introduction to theorem proving
2. Writing proofs in Lean
3. Formalizing derivations in science and engineering

2. Functional programming in Lean 4
1. Functional vs. imperative programming
2. Numerical vs. symbolic mathematics
3. Writing executable programs in Lean

3. Provably-correct programs for scientific computing



Schedule (tentative)
July 9, 2024 Introduction to Lean and proofs

July 10, 2024 Equalities and inequalities

July 16, 2024 Proofs with structure

July 17, 2024 Proofs with structure II

July 23, 2024 Proofs about functions; types

July 24, 2024 Calculus-based-proofs

July 30-31, 2024 Prof. Josephson traveling

August 6, 2024 Functions, definitions, structures, recursion

August 8, 2024 Polymorphic functions for floats and reals, compiling Lean to C

August 13, 2024 Input / output, lists, arrays, and indexing

August 14, 2024 Lists, arrays, indexing, and matrices

August 20, 2024 LeanMD & BET Analysis in Lean

August 21, 2024 SciLean tutorial, by Tomáš Skřivan

Logic and proofs for scientists and engineers
Functional programming in Lean 4
Provably-correct programs for scientific computing

Guest instructor: Tomáš Skřivan

Content inspired by:
Mechanics of Proof, by Heather Macbeth
Functional Programming in Lean, by David Christiansen



Schedule for today

1. Recap Lecture 5
2. More on function types
3. “Junk” values
4. Calculus in Lean



How to find tactics

• Keep learning them one by one!
• Indexes for Mechanics of Proof, Mathematics in Lean
• Consult lists of useful tactics
• https://github.com/madvorak/lean4-tactics
• https://github.com/Colin166/Lean4/blob/main/UsefulTactics

• If you have a tactic in hand, mouseover in VS Code to see 
documentation and example(s)

Slide from Lecture 3

https://github.com/madvorak/lean4-tactics
https://github.com/Colin166/Lean4/blob/main/UsefulTactics


How to find theorems

• Keep practicing!
• Search Mathlib documentation

• https://leanprover-community.github.io/mathlib4_docs/
• Using the search bar, make a guess about what the theorem would be named, and 

start checking things that look promising
• Moogle

• https://www.moogle.ai
• Describe theorem (or definition) in natural language, the scroll through options

• Consult lists of useful theorems
• https://github.com/Colin166/Lean4/blob/main/UsefulLemmas.lean

• If you have a theorem in hand, mouseover in VS Code to see 
documentation and example(s)

Slide from Lecture 3

https://leanprover-community.github.io/mathlib4_docs/
https://www.moogle.ai/
https://github.com/Colin166/Lean4/blob/main/UsefulLemmas.lean


Glossary of logical symbols

∧ - and
∨ - or
¬ - not
→ - implies
↔ - if and only if (implies in both directions)
∃ - exists
∀ - for all

Slide from Lecture 3



Functions: Programming vs. Math

Programming perspective

A function takes arguments, performs 
calculations, and produces an output

Math perspective

A function maps values from a domain 
to a co-domain

Examples in Python

def squared(x):
 y = x*x
 return y

Slide from Lecture 5



Functions: Programming vs. Math

Domain
Co-domain
Image

def squareroot(x):
 y = x**(1/2)
 return y

<latexit sha1_base64="EQlYbSdXL58M7/SpKWDUpFhDsHc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYBSQyzk9lkyOzDmV5NWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dbiSFRtv+tpaWV1bX1jMb2c2t7Z3d3N5+TYexYrzKQhmqhks1lyLgVRQoeSNSnPqu5HV3cD3x649caREGdziKeNunvUB4glE00r1XGJ6QS9LSDwrJsJPL20V7CrJInJTkIUWlk/tqdUMW+zxAJqnWTceOsJ1QhYJJPs62Ys0jyga0x5uGBtTnup1Mrx6TY6N0iRcqUwGSqfp7IqG+1iPfNZ0+xb6e9ybif14zRu+inYggipEHbLbIiyXBkEwiIF2hOEM5MoQyJcythPWpogxNUFkTgjP/8iKpnRadUrF0e5YvX6VxZOAQjqAADpxDGW6gAlVgoOAZXuHNerJerHfrY9a6ZKUzB/AH1ucP33yRew==</latexit>

f(x) =
p
x

Not always a function!
With type ℤ→ ℤ or ℝ→ ℝ, there is no 

mapping from the x < 0 part of the domain

With type ℕ→ ℝ or ℝ→ ℂ, it is a function; 
every part of the domain maps to a value in 

the co-domain

Slide from Lecture 5



Functions: Programming vs. Math
def division(x,y):
 z = x/y
 return z

Not a function!
Type is ℝ→ ℝ→ ℝ 

Everyplace in the domain maps to an place in 
the codomain, except for y = 0

So… what do you do?
<latexit sha1_base64="TywTzsvDzhZxIj6a5ZgaWfqotmA=">AAACKHicbVDLSsNAFJ3UV42vqEs3g0WoICURqW7EohuXFewDmlIm00k7dDJJZybSEPI5bvwVNyKKdOuXOH0stPXAwOGcc7lzjxcxKpVtj43cyura+kZ+09za3tnds/YP6jKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLwBncTv/FEhKQhf1RJRNoB6nHqU4yUljrWTQJdTobQhu5wGKMu9Iujs+QUXkPXFwinoyxNMui6ZqKl5ZDdsQp2yZ4CLhNnTgpgjmrHene7IY4DwhVmSMqWY0eqnSKhKGYkM91YkgjhAeqRlqYcBUS20+mhGTzRit4eCv24glP190SKAimTwNPJAKm+XPQm4n9eK1b+VTulPIoV4Xi2yI8ZVCGctAa7VBCsWKIJwoLqv0LcR7ogpbs1dQnO4snLpH5ecsql8sNFoXI7ryMPjsAxKAIHXIIKuAdVUAMYPINX8AE+jRfjzfgyxrNozpjPHII/ML5/APzGotg=</latexit>

y 6= 0 f(x, y) =
x

y

y = 0 f(x, y) = 0

<latexit sha1_base64="aJmRvbBn6gudfmTZiiyOZiDTKFY=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhgoQZkehFCHrxGMEskAyhp9OTNOlZ6O6RjMPgr3jxoIhX/8Obf2NnOWjig4LHe1VU1XMjzqSyrG8jt7S8srqWXy9sbG5t75i7ew0ZxoLQOgl5KFoulpSzgNYVU5y2IkGx73LadIc3Y7/5QIVkYXCvkog6Pu4HzGMEKy11zQOvNDpNTtAV6ngCk3SUpUnWNYtW2ZoALRJ7RoowQ61rfnV6IYl9GijCsZRt24qUk2KhGOE0K3RiSSNMhrhP25oG2KfSSSfXZ+hYKz3khUJXoNBE/T2RYl/KxHd1p4/VQM57Y/E/rx0r79JJWRDFigZkusiLOVIhGkeBekxQoniiCSaC6VsRGWCdgtKBFXQI9vzLi6RxVrYr5crdebF6PYsjD4dwBCWw4QKqcAs1qAOBR3iGV3gznowX4934mLbmjNnMPvyB8fkDgiaUqA==</latexit>

f(x, y) =
x

y

https://xenaproject.wordpress.com/2020/07/05/division-by-zero-in-type-theory-a-faq/

Domain
Co-domain
Image



A guide to number systems
ℕ - Natural numbers (0, 1, 2, 3, 4, …)
ℤ - Integers (… -3, -2, -1, 0, 1, 2, …)
ℚ - Rational numbers (1/2, 3/4, 5/9, etc.)
ℝ - Real numbers (-1, 3.6, π, √2) 
ℂ - Complex numbers (-1, 5 + 2i, √2 + 5i, etc.) 

ℕ ℤ ℚ ℝ ℂ

Slide from Lecture 1



Examples of functions

<latexit sha1_base64="rdyTncvYmH8rmzIiRtx6HulWPW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAuxo3A</latexit>

Pn

<latexit sha1_base64="/ctqEW/T7fVmCebJFdcJFu23gJk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9KK3CvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdVcz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWB lGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6w2WlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPPZKNuw==</latexit>

I(t) Electric current as a function of time

What’s a good type?

Temperature as a function of position,
Cartesian coordinates

Pressure as a function of thermodynamic state

Detector threshold as a function of measurement
<latexit sha1_base64="3z3uY1wYSRZH6G5lcOocIR27OG0=">AAAB8HicbVBNSwMxEM36WetX1aOXYBHqpeyKVI9FLx4r2A9pl5LNzrahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8epotCkMY9VJyAaOJPQNMxw6CQKiAg4tIPRzdRvP4LSLJb3ZpyAL8hAsohRYqz00AuBG1J5OuuXym7VnQEvEy8nZZSj0S999cKYpgKkoZxo3fXcxP gZUYZRDpNiL9WQEDoiA+haKokA7Wezgyf41CohjmJlSxo8U39PZERoPRaB7RTEDPWiNxX/87qpia78jMkkNSDpfFGUcmxiPP0eh0wBNXxsCaGK2VsxHRJFqLEZFW0I3uLLy6R1XvVq1drdRbl+ncdRQMfoBFWQhy5RHd2iBmoiigR6Rq/ozVHOi/PufMxbV5x85gj9gfP5AzyqkA4=</latexit>

�(x)

<latexit sha1_base64="0VZmhUEvMLhl6nU37PNKFNBgDCo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahgpREpHosevFYoV/QhrLZbtqlm03Y3Ygh9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5XsSZ0rb9bRXW1jc2t4rbpZ3dvf2D8uFRR4WxJLRNQh7KnocV5UzQtmaa014kKQ48Trve9C7zu49UKhaKlk4i6gZ4LJjPCNZG6raqTxcoOR+WK3bNngOtEicnFcjRHJa/BqOQxAEVmnCsVN+xI+ 2mWGpGOJ2VBrGiESZTPKZ9QwUOqHLT+bkzdGaUEfJDaUpoNFd/T6Q4UCoJPNMZYD1Ry14m/uf1Y+3fuCkTUaypIItFfsyRDlH2OxoxSYnmiSGYSGZuRWSCJSbaJFQyITjLL6+SzmXNqdfqD1eVxm0eRxFO4BSq4MA1NOAemtAGAlN4hld4syLrxXq3PhatBSufOYY/sD5/APHzjq0=</latexit>

T (x, y)

<latexit sha1_base64="tACDZ42vIvbd837vYdFwp6ONqbI=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAiSNgViR6DXjxGyAuyS5id9CZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHf5iRQabfvbWlvf2NzaLuwUd/f2Dw5LR8dtHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8cf3M7/zBEqLOGriJAEvZMNIBIIzNJLbrKhL6uIIkF30S2W7as9BV4mTkzLJ0eiXvtxBzNMQIuSSad1z7AS9jCkUXMK06KYaEsbHbAg9QyMWgvay+c1Tem6UAQ1iZSpCOld/T2Qs1HoS+qYzZDjSy95M/M/rpRjcepmIkhQh4otFQSopxnQWAB0IBRzlxBDGlTC3Uj5iinE0MRVNCM7yy6ukfVV1atXa43W5fpfHUSCn5IxUiENuSJ08kAZpEU4S8kxeyZuVWi/Wu/WxaF2z8pkT8gfW5w+tVJDS</latexit>

T (r, ✓) Temperature as a function of position,
polar coordinates 

Slide from Lecture 5



Currying
<latexit sha1_base64="eJhCHuyO1AzFlUIIM5b/AewFD/I=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9ISgl5MiF48YiIfESrZLlvYsN02u1sDafgXXjxojFf/jTf/jQv0oOBLJnl5byYz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHNzG89UalYKO71JKJugAeC+YxgbaQHvzg+R1do/Fju5Qt2yZ4DrRInJQVIUe/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5rqxohEmIzygHUMFDqhyk/nFU3RmlD7yQ2lKaDRXf08kOFBqEnimM8B6qJa9mfif14m1f+kmTESxpoIsFvkxRzpEs/dRn0lKNJ8Ygolk5lZEhlhiok1IOROCs/zyKmmWS061VL2rFGrXaRxZOIFTKIIDF1CDW6hDAwgIeIZXeLOU9WK9Wx+L1oyVzhzDH1ifP6Woj50=</latexit>

f(x) = x2 Type ℕ→ ℕ

Type ℕ→ ℕ→ ℕ
All binary operators do this

<latexit sha1_base64="FLcbEOHND6wkKTMbhIr88qbCcLA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahipREpHoRil48VrAf0Iay2W7apZtN2N1IQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz87yIM6Vt+9vKrayurW/kNwtb2zu7e8X9g6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHd1G89UalYKB51ElE3wAPBfEawNlLXL4/Pk1N0g8ZnSa9Ysiv2DGiZOBkpQYZ6r/jV7YckDqjQhGOlOo4daTfFUjPC6aTQjRWNMBnhAe0YKnBAlZvObp6gE6P0kR9KU0Kjmfp7IsWBUkngmc4A66Fa9Kbif14n1v61mzIRxZoKMl/kxxzpEE0DQH0mKdE8MQQTycytiAyxxESbmAomBGfx5WXSvKg41Ur14bJUu83iyMMRHEMZHLiCGtxDHRpAIIJneIU3K7ZerHfrY96as7KZQ/gD6/MHDRuQaQ==</latexit>

f(x, y) = x ⇤ y

This is called “currying” – a function with multiple arguments is transformed into a 
series of functions with single arguments

Nat.mul : ℕ→ (ℕ→ ℕ)
Nat.mul x : ℕ→ ℕ
Nat.mul x y : ℕ



Junk Values

Junk values
For ℕ 1/0 = 0
For ℕ, 1-2 = 0
Real.sqrt(-5) = 0

Weird, but it makes sense if you think about number systems
For ℕ 4/3 = 1
For ℕ, 2^(1/2) = 1
Nat.sqrt(8) = 2



deriv

• deriv f : ℝ→ ℝ is a function that returns the derivative if it exists and 
returns 0 otherwise
• You provide the function f and tell it what you’re taking the derivative of, and 

you get

• If the derivative exists (i.e., ∃ f', HasDerivAt f f' x),
then f x' = f x + (x' - x) • deriv f x + o(x' - x) where x' converges to x.
• This is about filters - a generalization of limits
• Learn more in Topology chapter of Mathematics in Lean

• Notice the type, this maps ℝ as input to ℝ as output
• Deriv does not map a function to a function, it maps a function and a ℝ to a ℝ



Examples! (showing off some tactics today)

• simp? and aesop? are helpful tactics that find lemmas in Mathlib to 
solve your problem
• simp and aesop do the same thing, but don’t show you what lemmas 

were found
• The show tactic is like the have tactic, but it’s used in-place so you 

don’t even generate a hypothesis



The product rule

<latexit sha1_base64="Sl+TOFXqaAjJJL5A9AqBqABrsjU=">AAACD3icbVDLSgMxFM3UV62vUZdugkVbEcqMSHUjFN24rGAf0A4lk0nb0MxkyKNQhv6BG3/FjQtF3Lp159+YtqNo9cCFk3PuJfceP2ZUKsf5sDILi0vLK9nV3Nr6xuaWvb1Tl1wLTGqYMy6aPpKE0YjUFFWMNGNBUOgz0vAHVxO/MSRCUh7dqlFMvBD1ItqlGCkjdezDooZtHHAFh0cFeAF14esJj+G3VejYeafkTAH/EjcleZCi2rHf2wHHOiSRwgxJ2XKdWHkJEopiRsa5tpYkRniAeqRlaIRCIr1kes8YHhglgF0uTEUKTtWfEwkKpRyFvukMkerLeW8i/ue1tOqeewmNYq1IhGcfdTWDisNJODCggmDFRoYgLKjZFeI+EggrE2HOhODOn/yX1E9KbrlUvjnNVy7TOLJgD+yDInDBGaiAa1AFNYDBHXgAT+DZurcerRfrddaasdKZXfAL1tsn5g6Zcw==</latexit>

(u · v)0 = u0 · v + u · v0

In Lean, access this with
rw [deriv_mul]

This creates 3 goals:
1) Prove the calculation above is correct
2) Prove that u’ is differentiable
3) Prove that v’ is differentiable


