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Lean for Scientists and Engineers 2024

1. Logic and proofs for scientists and engineers
1. Introduction to theorem proving
2. Writing proofs in Lean
3. Formalizing derivations in science and engineering

2. Functional programming in Lean 4
1. Functional vs. imperative programming
2. Numerical vs. symbolic mathematics
3. Writing executable programs in Lean

3. Provably-correct programs for scientific computing



Schedule (tentative)
July 9, 2024 Introduction to Lean and proofs

July 10, 2024 Equalities and inequalities

July 16, 2024 Proofs with structure

July 17, 2024 Proofs with structure II

July 23, 2024 Proofs about functions; types

July 24, 2024 Calculus-based-proofs

July 30-31, 2024 Prof. Josephson traveling

August 6, 2024 Functions, definitions, structures, recursion

August 8, 2024 Polymorphic functions for floats and reals, compiling Lean to C

August 13, 2024 Input / output, lists, arrays, and indexing

August 14, 2024 Lists, arrays, indexing, and matrices

August 20, 2024 LeanMD & BET Analysis in Lean

August 21, 2024 SciLean tutorial, by Tomáš Skřivan

Logic and proofs for scientists and engineers
Functional programming in Lean 4
Provably-correct programs for scientific computing

Guest instructor: Tomáš Skřivan

Content inspired by:
Mechanics of Proof, by Heather Macbeth
Functional Programming in Lean, by David Christiansen



Schedule for today

1. Survey for attendees
2. Recap Lecture 3
3. Not
4. Exists
5. Forall
6. Implication
7. If and only iff



Should you use have or add a hypothesis?
Using have New hypothesis

We’ve changed the theorem statement.
h2 is “unused”
We don’t know if hb is true!
If hb contradicts any other hypotheses, we’re in real trouble

Slide from Lecture 3



Principle of logical explosion

• You MUST NOT assume a set of premises with a contradiction
• “Principle of explosion”
• https://en.wikipedia.org/wiki/Principle_of_explosion
• Also known as “proving false” 
• You can prove anything, which isn’t actually helpful
• Lean has tactic “slim_check” that can sometimes detect this by 

searching for counterexamples
• Examples here: https://github.com/leanprover-

community/mathlib4/blob/master/test/slim_check.lean

Slide from Lecture 3

https://en.wikipedia.org/wiki/Principle_of_explosion


How to find tactics

• Keep learning them one by one!
• Indexes for Mechanics of Proof, Mathematics in Lean
• Consult lists of useful tactics
• https://github.com/madvorak/lean4-tactics
• https://github.com/Colin166/Lean4/blob/main/UsefulTactics

• If you have a tactic in hand, mouseover in VS Code to see 
documentation and example(s)

Slide from Lecture 3

https://github.com/madvorak/lean4-tactics
https://github.com/Colin166/Lean4/blob/main/UsefulTactics


How to find theorems

• Keep practicing!
• Search Mathlib documentation

• https://leanprover-community.github.io/mathlib4_docs/
• Using the search bar, make a guess about what the theorem would be named, and 

start checking things that look promising
• Moogle

• https://www.moogle.ai
• Describe theorem (or definition) in natural language, the scroll through options

• Consult lists of useful theorems
• https://github.com/Colin166/Lean4/blob/main/UsefulLemmas.lean

• If you have a theorem in hand, mouseover in VS Code to see 
documentation and example(s)

Slide from Lecture 3

https://leanprover-community.github.io/mathlib4_docs/
https://www.moogle.ai/
https://github.com/Colin166/Lean4/blob/main/UsefulLemmas.lean


Glossary of logical symbols

∧ - and
∨ - or
¬ - not
→ - implies
↔ - if and only if (implies in both directions)
∃ - exists
∀ - for all

Slide from Lecture 3



∧ : and

P: molecule is aromatic
Q: molecule is an alcohol
P ∧ Q: molecule is aromatic and an alcohol

P: true, Q: true – then P ∧ Q: true
P: false, Q: true – then P ∧ Q: false
P: true, Q: false – then P ∧ Q: false
P: false, Q: false – then P ∧ Q: false

Phenol

Slide from Lecture 3



∨ : or

P: contains acrolein
Q: contains hydrogen cyanide
P ∨ Q: acute toxicity

P: true, Q: true – then P ∨ Q: true
P: false, Q: true – then P ∨ Q: true
P: true, Q: false – then P ∨ Q: true
P: false, Q: false – then P ∨ Q: false

Slide from Lecture 3



¬ : not

Unary operation (applies to just one term)

P: true, then ¬ P : false
P: false, then ¬ P : true



→ : implies

P → Q means “if P, then Q”
P: detecting argon
Q: detecting a noble gas
P → Q: detecting argon implies detecting a noble gas

P: true, Q: true – then P → Q: true
P: false, Q: true – then P → Q: true
P: true, Q: false – then P → Q: false
P: false, Q: false – then P → Q: true



→ : implies

P → Q means “if P, then Q”
P: detecting argon
Q: detecting a noble gas
P → Q: detecting argon implies detecting a noble gas

P: true, Q: true – then P → Q: true
P: false, Q: true – then P → Q: true
P: true, Q: false – then P → Q: false
P: false, Q: false – then P → Q: true



→ : implies

P → Q means “if P, then Q”
P: detecting argon
Q: detecting a noble gas
P → Q: detecting argon implies detecting a noble gas

P: true, Q: true – then P → Q: true
P: false, Q: true – then P → Q: true
P: true, Q: false – then P → Q: false
P: false, Q: false – then P → Q: true



More about implication

Every proof you’ve written with hypotheses involves 
implication

Implication isn’t fundamental! 
P → Q can be rewritten as ¬ P ∨ Q
This is less intuitive for humans, but useful for automated 
provers

Causality in science can be described using the language 
of implication

Implication is NOT equality – it only goes one way
”Smoking → lung cancer” not “lung cancer → smoking”



↔ : if and only if

P: A molecule is a hydrocarbon
Q: A molecule contains only carbon and hydrogen atoms
P ↔ Q: A molecule is a hydrocarbon if and only if it contains 
only carbon and hydrogen atoms.

P: true, Q: true – then P ↔ Q: true
P: false, Q: true – then P ↔ Q: false
P: true, Q: false – then P ↔ Q: false
P: false, Q: false – then P ↔ Q: true



Truth tables
and or not implies if and only if



Truth tables
and or not implies if and only if

Compound statements can be reasoned 
about by combining these

Consider ¬ (P ∧ ¬ Q)



Proofs about pure logic, MoP Ch. 5



Definitions

• Allow us to reuse terms outside of individual examples / theorems
• Facilitates modular code and verification of different parts of code
• Propositions
• Functions



∃ : exists

• Something is true if you have at least one instance 
of it being true
• “There exists an element with atomic number 43”
• Proposition only needs one example to be true
• This is called a “witness”

• If a hypothesis has an existential, use the Lean tactic 
“obtain”
• We’re skipping this case today; see MoP 2.5.1 and 2.5.2

• If a goal has an existential, use the Lean tactic “use”
• See MoP 2.5.3 and MoP 3.1



Huckel’s rule
M is the number of pi electrons in a ring system and n is some natural number.
Huckel's rule says that the number of electrons must be able to satisfy 4n + 2
We state this as "there exists some n such that M = 4n + 2”

∃ n, (M = 4*n + 2)



∀ : for all

• Something is true if every possible instance of it is true
• All transition metals have unfilled d-orbitals
• FALSE – Zn is a transition metal with a filled 3d-orbital
• Only takes one example to falsify



∀ : for all

• Go to Example 4.1.1 in Mechanics of Proof



Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Kepler’s Third Law – orbital period T vs. semi-major axis d

<latexit sha1_base64="0qT/1YnsbqSEn05SngEdvmp2aEs=">AAAB+HicbVDLTgIxFO3gC/HBqEs3jcTEFZlBgy6JblxiwiuBgXQ6HWjotE3bMUHCl7hxoTFu/RR3/o0FZqHgSW5ycs69ufeeUDKqjed9O7mNza3tnfxuYW//4LDoHh23tEgVJk0smFCdEGnCKCdNQw0jHakISkJG2uH4bu63H4nSVPCGmUgSJGjIaUwxMlYauMVGvwJ7UglpBIz6lwO35JW9BeA68TNSAhnqA/erFwmcJoQbzJDWXd+TJpgiZShmZFbopZpIhMdoSLqWcpQQHUwXh8/guVUiGAtlixu4UH9PTFGi9SQJbWeCzEivenPxP6+bmvgmmFIuU0M4Xi6KUwbtk/MUYEQVwYZNLEFYUXsrxCOkEDY2q4INwV99eZ20KmW/Wq4+XJVqt1kceXAKzsAF8ME1qIF7UAdNgEEKnsEreHOenBfn3flYtuacbOYE/IHz+QOOpZJl</latexit>

T 2 / d3
<latexit sha1_base64="oGZ26m/hkoCrvqPRUeChgFLpTXw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5LUUt0IpS50I1ToC5q2TKaTduhkEmYmQgn9BDf+ihsXirh16c6/cdJ2oa0HLhzOuZd773FDRqWyrG8jtbK6tr6R3sxsbe/s7pn7Bw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPrxG8+ECFpwGtqHJKOjwacehQjpaWeeVrrFuAVdCp0kIOOJxCOi9AJabcwiW/uJol+Bvvd856ZtfLWFHCZ2HOSBXNUe+aX0w9w5BOuMENStm0rVJ0YCUUxI5OME0kSIjxCA9LWlCOfyE48fWgCT7TSh14gdHEFp+rviRj5Uo59V3f6SA3lopeI/3ntSHmXnZjyMFKE49kiL2JQBTBJB/apIFixsSYIC6pvhXiIdCpKZ5jRIdiLLy+TRiFvl/Kl+2K2XJnHkQZH4BjkgA0uQBncgiqoAwwewTN4BW/Gk/FivBsfs9aUMZ85BH9gfP4Ax/KalA==</latexit>

T 2 =
⇣ 4⇡2

GM

⌘
d3

<latexit sha1_base64="c1HMmKAvACT8U13LKhcbgWvszfI=">AAACFHicbVDLSsNAFJ3UV62vqks3g0VoKZSklupGKHWhG6FCX9CkZTKdtEMnD2YmQgn5CDf+ihsXirh14c6/cdpmoa0HLhzOuZd777EDRoXU9W8ttba+sbmV3s7s7O7tH2QPj9rCDzkmLewzn3dtJAijHmlJKhnpBpwg12akY0+uZ37ngXBBfa8ppwGxXDTyqEMxkkoaZIvNfhleQbNOR3loOhzhqALNgPbLcXSTd4t3hXjmFeCwfz7I5vSSPgdcJUZCciBBY5D9Moc+Dl3iScyQED1DD6QVIS4pZiTOmKEgAcITNCI9RT3kEmFF86dieKaUIXR8rsqTcK7+noiQK8TUtVWni+RYLHsz8T+vF0rn0oqoF4SSeHixyAkZlD6cJQSHlBMs2VQRhDlVt0I8RioZqXLMqBCM5ZdXSbtcMqql6n0lV6sncaTBCTgFeWCAC1ADt6ABWgCDR/AMXsGb9qS9aO/ax6I1pSUzx+APtM8f7aibpQ==</latexit>

T 2 =
⇣ 4⇡2

G(m+M)

⌘
d3



Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

<latexit sha1_base64="U+UH6KbscWiserjfY6nRD5GSJOI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSItWNUHTjMoK9QBvCZDpth04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w4Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzPrtByoVi8W9niTUj/BQsAEjWBsrsMte4KKWqSvkBTVDtcCuOFVnLrQKbg4VyOUF9levH5M0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGtQ4IgqP5ufPkWnxumjQSxNCY3m7u+NDEdKTaLQTEZYj9Ryb2b+1+umenDpZ0wkqaaCLB4apBzpGM1yQH0mKdF8YgATycytiIywxESbtEomBHf5y6vQqlXderV+d15pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n/2Rqw==</latexit>

P1V1 = P2V2
<latexit sha1_base64="xr8goh9v2KEJAqy/lpoTHMdDgKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNcyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSn7TR9do3C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8i6pXq9buLyuNmzyOIpzAKZyDB3VowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AS7qOTw==</latexit>

PV = k

<latexit sha1_base64="2aZVDgTQ+vuWmfuAAdUhciWHeGA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IRS8eK9gPaEPZbDft0s0m7G6EGvJLvHhQxKs/xZv/xk2bg7Y+GHi8N8PMPD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn97mfveRSsUi8aBnMfVCPBYsYARrIw3tagtdo0EgMUmnWdrJhnbNqTtzoFXiFqQGBVpD+2swikgSUqEJx0r1XSfWXoqlZoTTrDJIFI0xmeIx7RsqcEiVl84Pz9CpUUYoiKQpodFc/T2R4lCpWeibzhDriVr2cvE/r5/o4MpLmYgTTQVZLAoSjnSE8hTQiElKNJ8Zgolk5lZEJtikoE1WFROCu/zyKumc191GvXF/UWveFHGU4RhO4AxcuIQm3EEL2kAggWd4hTfryXqx3q2PRWvJKmaO4A+szx8ZFJLC</latexit>

P =
k

V

<latexit sha1_base64="DCiqjteZhbBLPDofwun+GcEqRRA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIVI9FLx4r2A9oStlsN+3SzW7Y3QglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7dTv/1IlWZSPJhJQnsxHgoWMYKNlfrucQMFiZKJkSiIFCaZn2etvO9WvKo3A1omfkEqUKDRd7+CgSRpTIUhHGvd9b3E9DKsDCOc5uUg1TTBZIyHtGupwDHVvWx2fo7OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URNe9jIkkNVSQ+aIo5cg+O80CDZiixPCJJZgoZm9FZIRtCsYmVrYh+IsvL5PWRdWvVWv3l5X6TRFHCU7gFM7Bhyuowx00oAkEMniGV3hznpwX5935mLeuOMXMEfyB8/kD+2mVhw==</latexit>

P / 1

V



Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

• There exists some constant k, such that for all thermodynamic states, 
this relationship between pressure and volume holds

<latexit sha1_base64="U+UH6KbscWiserjfY6nRD5GSJOI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSItWNUHTjMoK9QBvCZDpth04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w4Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzPrtByoVi8W9niTUj/BQsAEjWBsrsMte4KKWqSvkBTVDtcCuOFVnLrQKbg4VyOUF9levH5M0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGtQ4IgqP5ufPkWnxumjQSxNCY3m7u+NDEdKTaLQTEZYj9Ryb2b+1+umenDpZ0wkqaaCLB4apBzpGM1yQH0mKdF8YgATycytiIywxESbtEomBHf5y6vQqlXderV+d15pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n/2Rqw==</latexit>

P1V1 = P2V2
<latexit sha1_base64="xr8goh9v2KEJAqy/lpoTHMdDgKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNcyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSn7TR9do3C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8i6pXq9buLyuNmzyOIpzAKZyDB3VowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AS7qOTw==</latexit>

PV = k
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P =
k

V

<latexit sha1_base64="DCiqjteZhbBLPDofwun+GcEqRRA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIVI9FLx4r2A9oStlsN+3SzW7Y3QglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7dTv/1IlWZSPJhJQnsxHgoWMYKNlfrucQMFiZKJkSiIFCaZn2etvO9WvKo3A1omfkEqUKDRd7+CgSRpTIUhHGvd9b3E9DKsDCOc5uUg1TTBZIyHtGupwDHVvWx2fo7OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URNe9jIkkNVSQ+aIo5cg+O80CDZiixPCJJZgoZm9FZIRtCsYmVrYh+IsvL5PWRdWvVWv3l5X6TRFHCU7gFM7Bhyuowx00oAkEMniGV3hznpwX5935mLeuOMXMEfyB8/kD+2mVhw==</latexit>
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Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

• There exists some constant k, such that for all thermodynamic states, 
this relationship between pressure and volume holds
• ∃ (k : ℝ), ∀ (n : ℕ), (P n)*(V n) = k
• Next time!
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