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Lean for Scientists and Engineers 2024

1. Logic and proofs for scientists and engineers
1. Introduction to theorem proving
2. Writing proofs in Lean
3. Formalizing derivations in science and engineering

2. Functional programming in Lean 4
1. Functional vs. imperative programming
2. Numerical vs. symbolic mathematics
3. Writing executable programs in Lean

3. Provably-correct programs for scientific computing



Schedule (tentative)
July 9, 2024 Introduction to Lean and proofs

July 10, 2024 Equalities and inequalities

July 16, 2024 Proofs with structure

July 17, 2024 Proofs with structure II

July 23, 2024 Proofs about functions; types

July 24, 2024 Calculus-based-proofs

July 30-31, 2024 Prof. Josephson traveling

August 6, 2024 Functions, definitions, structures, recursion

August 8, 2024 Polymorphic functions for floats and reals, compiling Lean to C

August 13, 2024 Input / output, lists, arrays, and indexing

August 14, 2024 Lists, arrays, indexing, and matrices

August 20, 2024 LeanMD & BET Analysis in Lean

August 21, 2024 SciLean tutorial, by Tomáš Skřivan

Logic and proofs for scientists and engineers
Functional programming in Lean 4
Provably-correct programs for scientific computing

Guest instructor: Tomáš Skřivan

Content inspired by:
Mechanics of Proof, by Heather Macbeth
Functional Programming in Lean, by David Christiansen



Schedule for today

1. Survey for attendees
2. Recap Lecture 1
3. Syntax vs. Semantics
4. Solving equalities and inequalities in Lean



Survey for attendees

https://forms.gle/pg5JGpTgD1aSCshY6



Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality

Slide from Lecture 1



Proposition
5 premises conjectureimply

Derivations in science are math proofs

Langmuir Adsorption
Langmuir, JACS, 1918

Proof ü _____
ü _____
ü _____
ü _____

Derivation using algebraic manipulations 
(substitution, cancelling terms, etc.)

Theorem

Proposition is TRUE

<latexit sha1_base64="AB5kYicBKZoy/SfXK0dcDZCOrEk="></latexit>

A1. Site balance: S0 = S + Sa

A2. Adsorption rate model: rads = kads · p · S
A3. Desorption rate model: rdes = kdes · Sa

A4. Equilibrium assumption: rads = rdes

A5. Mass balance q = Sa

<latexit sha1_base64="5Silut7701UWfqQqFKjm+7OIsug=">AAACEHicbVDLSgMxFM34rPU16tJNsIiCUGbE10YouhHcVLQPaIchk2ba0EwmTTJCGeYT3Pgrblwo4talO//G9CFo64ELJ+fcS+49gWBUacf5smZm5+YXFnNL+eWV1bV1e2OzquJEYlLBMYtlPUCKMMpJRVPNSF1IgqKAkVrQvRz4tXsiFY35ne4L4kWozWlIMdJG8u29HjyHzVAinN76DoTXfkp6GYQiS1148PMUmW8XnKIzBJwm7pgUwBhl3/5stmKcRIRrzJBSDdcR2kuR1BQzkuWbiSIC4S5qk4ahHEVEeenwoAzuGqUFw1ia4hoO1d8TKYqU6keB6YyQ7qhJbyD+5zUSHZ55KeUi0YTj0UdhwqCO4SAd2KKSYM36hiAsqdkV4g4y6WiTYd6E4E6ePE2qh0X3pHh8c1QoXYzjyIFtsAP2gQtOQQlcgTKoAAwewBN4Aa/Wo/VsvVnvo9YZazyzBf7A+vgGc4Ca/w==</latexit>

q =
S0Keqp

1 +Keqp
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A vision for bug-free scientific computing
Selsam, Liang, Dill, “Developing Bug-Free Machine Learning Systems with Formal Mathematics,” ICML 2017.
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Handwritten proofs Formal proofs

Informal syntax

Only readable for human

Might exclude information

Might contain mistakes

Requires humans to proofread

Easy to write

Strict, computer language syntax

Machine-readable and executable

Cannot miss assumptions or steps

Rigorously verified by computer

Automated proof checking

Challenging to write

Two kinds of math proofs
Thomas C Hales. Formal proof. Notices of the AMS, 2008. 
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Lean theorem prover and programming language

Mathematics constructed from dependent type theory
Trusted kernel with just 6k lines of code
 à >150k theorems
 à >1.5 million lines of verified proofs
Tactics to facilitate proof automation
Compile Lean code to efficient C code

Coquand and Huet, PhD thesis, INRIA, 1986.
de Moura, Kong, Avigad, van Doorn, von Raumer, CADE 25, 2015.

“We’re going to digitize mathematics, and 
it’s going to make it better.”
– Kevin Buzzard, Imperial College London
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Polymorphic functions to bridge floats and reals

Adsorption data
Filter data to 
focus on “BET 

regime”

Linearize the 
raw data

Perform linear 
regression

Fitted
coefficients

Proof that linear 
regression 

minimizes least 
squares error

Proof that algebra 
for linearization is 

correct

Formal proof of BET Theory

follows from a body of assumptions about  

<latexit sha1_base64="qGJr2BfNG7MrRouJGmSxxRyQAxs=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VIlNZEfG2EohuXFewD2hIm00k7dJKMM5NCCf0HN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8TijUtn2t5FZWFxaXsmu5tbWNza38ts7NRnFApMqjlgkGh6ShNGQVBVVjDS4ICjwGKl7/ZuxXx8QIWkU3qshJ+0AdUPqU4yUltz84QO8gi1fIJwM3ABiPkpM7tpFbpnOkYmLjmXyYy1Y1sjNF+ySPQGcJ05KCiBFxc1/tToRjgMSKsyQlE3H5qqdIKEoZmSUa8WScIT7qEuamoYoILKdTH4awQOtdKAfCV2hghP190SCAimHgac7A6R6ctYbi/95zVj5l+2EhjxWJMTTRX7MoIrgOCDYoYJgxYaaICyovhXiHtIBKR1jTofgzL48T2onJee8dHZ3Wihfp3FkwR7YByZwwAUog1tQAVWAwSN4Bq/gzXgyXox342PamjHSmV3wB8bnD99Wmv8=</latexit>

q =
vmcp

(p0 � p)(1 + (c� 1)(p/p0))

Proof that output corresponds 
to meaningful parameters

Polymorphic functions
Floating point numbers

Real numbers

ℝ
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SciLib, database of formally verified science

Reaction rate theory Molecular mechanics

Fluid mechanics

Thermodynamics

Quantum mechanics

Statistical mechanics

Twitter: @trjosephson
Email: tjo@umbc.edu 12
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Errors in scientific computing software
Category of 

error
Example Intervention Lean

Syntax Not closing 
parentheses

Editor Editor

Runtime Accessing element in 
list that doesn’t exist

Run the program, program gives error 
message

Editor

Semantic Missing a minus sign, 
transposing tensor 

indices

Human inspection of the code; test-
driven development; observing 

anomalous behavior

Editor

Floating point / 
Round off

Subtracting small 
values from large 

values

Checking energy conservation
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All possible
combinations

of words

Grammatically-
correct sentences

Syntax vs. semantics in natural language

Language

Syntax



All possible
combinations

of words

Grammatically-
correct sentences

Syntax vs. semantics in natural language

Reality

Language

True or False about
entities in real life

Syntax

Syntax is about grammar
Semantics is about meaningMeaningful, true 

sentences



Syntax vs. semantics in natural language

1. Colorless green ideas sleep furiously.  
     - Semantic nonsense, while syntax is valid

2. Furiously sleep ideas green colorless.
 - Both semantically and syntactically nonsense

Example from Noam Chomsky,
Syntactic Structure, 1957

Wikipedia article

https://en.wikipedia.org/wiki/Colorless_green_ideas_sleep_furiously


All possible
combinations

of symbols

Logically valid 
statements

Syntax vs. semantics in logic

Reality

Language

Syntax

Syntax is about grammar
Semantics is about meaning

Valid arguments have correct logic
Sound arguments are valid and 
also have true premises

True or False about
entities in real life

Logically sound 
statements



Syntax vs. semantics in logic

1. All gimbobs are woozels.
2. All woozels are wingdats.
3. Therefore, all gimbobs are wingdats.

Even if gimbobs, woozels, and wingdats 
don’t exist (semantically nonsense), the 
syntax of the argument is correct. 

This is fundamental to mathematics!

When x and y are natural numbers, (x + y) = (y + x) and it doesn’t 
matter if x and y refer to anything in reality or not.



All possible
combinations

of symbols

Logically valid 
statements

Reality

Pure math
Syntax

True or False about
entities in real life

Realistic models

Scientific models Symbolic models

True or False about
entities in the model

Computable 
models

Semantic errors in scientific computing

Is approximation method valid?
Is it accurate? 



Syntax and Semantics

• To dive deeper:
• Syntax(logic) on Wikipedia
• Conclusions and Outlook in our paper
• Lectures on first-order logic from Percy Liang, Stanford

https://en.wikipedia.org/wiki/Syntax_(logic)
https://pubs.rsc.org/en/content/articlepdf/2024/dd/d3dd00077j
https://www.youtube.com/watch?v=Z-O0Q3_oTJM


Proofs about equality

“Calculational”-style proofs
“We solve problems which feel pretty close to high school algebra –
deducing equalities/inequalities from other equalities/inequalities – using 
a technique which is not usually taught in high school algebra: building a 
single chain of expressions connecting the left-hand side with the right.”

– Heather Macbeth, Mechanics of Proof

Additional reference: Mechanics of Proof, Chapters 1.1 and 1.2

Slide from Lecture 1



Intermission



Hypothesis in math vs. science

• Scientific methods says:
Make hypothesis à Do experiment à Get observations à Attempt 
to refute the hypothesis
• Math uses the word hypothesis like “assumption” or “premise”


