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Lean for Scientists and Engineers 2024

1. Logic and proofs for scientists and engineers
1. Introduction to theorem proving
2. Writing proofs in Lean
3. Formalizing derivations in science and engineering

2. Functional programming in Lean 4
1. Functional vs. imperative programming
2. Numerical vs. symbolic mathematics
3. Writing executable programs in Lean

3. Provably-correct programs for scientific computing



Schedule (tentative)
July 9, 2024 Introduction to Lean and proofs

July 10, 2024 Equalities and inequalities

July 16, 2024 Proofs with structure

July 17, 2024 Proofs with structure II

July 23, 2024 Proofs about functions; types

July 24, 2024 Calculus-based-proofs

July 30-31, 2024 Prof. Josephson traveling

August 6, 2024 Functions, definitions, structures, recursion

August 8, 2024 Polymorphic functions for floats and reals, compiling Lean to C

August 13, 2024 Input / output, lists, arrays, and indexing

August 14, 2024 Lists, arrays, indexing, and matrices

August 20, 2024 LeanMD & BET Analysis in Lean

August 21, 2024 SciLean tutorial, by Tomáš Skřivan

Logic and proofs for scientists and engineers
Functional programming in Lean 4
Provably-correct programs for scientific computing

Guest instructor: Tomáš Skřivan

Content inspired by:
Mechanics of Proof, by Heather Macbeth
Functional Programming in Lean, by David Christiansen



Schedule for today

1. Recap Lecture 4
2. Types
3. Functions

1. Math vs. programming
2. Examples of functions
3. Computable vs. noncomputable

4. “Proportional to”



How to find tactics

• Keep learning them one by one!
• Indexes for Mechanics of Proof, Mathematics in Lean
• Consult lists of useful tactics
• https://github.com/madvorak/lean4-tactics
• https://github.com/Colin166/Lean4/blob/main/UsefulTactics

• If you have a tactic in hand, mouseover in VS Code to see 
documentation and example(s)

Slide from Lecture 3

https://github.com/madvorak/lean4-tactics
https://github.com/Colin166/Lean4/blob/main/UsefulTactics


How to find theorems

• Keep practicing!
• Search Mathlib documentation

• https://leanprover-community.github.io/mathlib4_docs/
• Using the search bar, make a guess about what the theorem would be named, and 

start checking things that look promising
• Moogle

• https://www.moogle.ai
• Describe theorem (or definition) in natural language, the scroll through options

• Consult lists of useful theorems
• https://github.com/Colin166/Lean4/blob/main/UsefulLemmas.lean

• If you have a theorem in hand, mouseover in VS Code to see 
documentation and example(s)

Slide from Lecture 3

https://leanprover-community.github.io/mathlib4_docs/
https://www.moogle.ai/
https://github.com/Colin166/Lean4/blob/main/UsefulLemmas.lean


Definitions

• Allow us to reuse terms outside of individual examples / theorems
• Facilitates modular code and verification of different parts of code
• Propositions
• Functions

Slide from Lecture 4



Glossary of logical symbols

∧ - and
∨ - or
¬ - not
→ - implies
↔ - if and only if (implies in both directions)
∃ - exists
∀ - for all

Slide from Lecture 3



Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Kepler’s Third Law – orbital period T vs. semi-major axis d

<latexit sha1_base64="0qT/1YnsbqSEn05SngEdvmp2aEs=">AAAB+HicbVDLTgIxFO3gC/HBqEs3jcTEFZlBgy6JblxiwiuBgXQ6HWjotE3bMUHCl7hxoTFu/RR3/o0FZqHgSW5ycs69ufeeUDKqjed9O7mNza3tnfxuYW//4LDoHh23tEgVJk0smFCdEGnCKCdNQw0jHakISkJG2uH4bu63H4nSVPCGmUgSJGjIaUwxMlYauMVGvwJ7UglpBIz6lwO35JW9BeA68TNSAhnqA/erFwmcJoQbzJDWXd+TJpgiZShmZFbopZpIhMdoSLqWcpQQHUwXh8/guVUiGAtlixu4UH9PTFGi9SQJbWeCzEivenPxP6+bmvgmmFIuU0M4Xi6KUwbtk/MUYEQVwYZNLEFYUXsrxCOkEDY2q4INwV99eZ20KmW/Wq4+XJVqt1kceXAKzsAF8ME1qIF7UAdNgEEKnsEreHOenBfn3flYtuacbOYE/IHz+QOOpZJl</latexit>

T 2 / d3
<latexit sha1_base64="oGZ26m/hkoCrvqPRUeChgFLpTXw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5LUUt0IpS50I1ToC5q2TKaTduhkEmYmQgn9BDf+ihsXirh16c6/cdJ2oa0HLhzOuZd773FDRqWyrG8jtbK6tr6R3sxsbe/s7pn7Bw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPrxG8+ECFpwGtqHJKOjwacehQjpaWeeVrrFuAVdCp0kIOOJxCOi9AJabcwiW/uJol+Bvvd856ZtfLWFHCZ2HOSBXNUe+aX0w9w5BOuMENStm0rVJ0YCUUxI5OME0kSIjxCA9LWlCOfyE48fWgCT7TSh14gdHEFp+rviRj5Uo59V3f6SA3lopeI/3ntSHmXnZjyMFKE49kiL2JQBTBJB/apIFixsSYIC6pvhXiIdCpKZ5jRIdiLLy+TRiFvl/Kl+2K2XJnHkQZH4BjkgA0uQBncgiqoAwwewTN4BW/Gk/FivBsfs9aUMZ85BH9gfP4Ax/KalA==</latexit>

T 2 =
⇣ 4⇡2

GM

⌘
d3

<latexit sha1_base64="c1HMmKAvACT8U13LKhcbgWvszfI=">AAACFHicbVDLSsNAFJ3UV62vqks3g0VoKZSklupGKHWhG6FCX9CkZTKdtEMnD2YmQgn5CDf+ihsXirh14c6/cdpmoa0HLhzOuZd777EDRoXU9W8ttba+sbmV3s7s7O7tH2QPj9rCDzkmLewzn3dtJAijHmlJKhnpBpwg12akY0+uZ37ngXBBfa8ppwGxXDTyqEMxkkoaZIvNfhleQbNOR3loOhzhqALNgPbLcXSTd4t3hXjmFeCwfz7I5vSSPgdcJUZCciBBY5D9Moc+Dl3iScyQED1DD6QVIS4pZiTOmKEgAcITNCI9RT3kEmFF86dieKaUIXR8rsqTcK7+noiQK8TUtVWni+RYLHsz8T+vF0rn0oqoF4SSeHixyAkZlD6cJQSHlBMs2VQRhDlVt0I8RioZqXLMqBCM5ZdXSbtcMqql6n0lV6sncaTBCTgFeWCAC1ADt6ABWgCDR/AMXsGb9qS9aO/ax6I1pSUzx+APtM8f7aibpQ==</latexit>

T 2 =
⇣ 4⇡2

G(m+M)

⌘
d3

Slide from Lecture 4



Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

<latexit sha1_base64="U+UH6KbscWiserjfY6nRD5GSJOI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSItWNUHTjMoK9QBvCZDpth04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w4Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzPrtByoVi8W9niTUj/BQsAEjWBsrsMte4KKWqSvkBTVDtcCuOFVnLrQKbg4VyOUF9levH5M0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGtQ4IgqP5ufPkWnxumjQSxNCY3m7u+NDEdKTaLQTEZYj9Ryb2b+1+umenDpZ0wkqaaCLB4apBzpGM1yQH0mKdF8YgATycytiIywxESbtEomBHf5y6vQqlXderV+d15pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n/2Rqw==</latexit>

P1V1 = P2V2
<latexit sha1_base64="xr8goh9v2KEJAqy/lpoTHMdDgKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNcyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSn7TR9do3C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8i6pXq9buLyuNmzyOIpzAKZyDB3VowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AS7qOTw==</latexit>

PV = k

<latexit sha1_base64="2aZVDgTQ+vuWmfuAAdUhciWHeGA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IRS8eK9gPaEPZbDft0s0m7G6EGvJLvHhQxKs/xZv/xk2bg7Y+GHi8N8PMPD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn97mfveRSsUi8aBnMfVCPBYsYARrIw3tagtdo0EgMUmnWdrJhnbNqTtzoFXiFqQGBVpD+2swikgSUqEJx0r1XSfWXoqlZoTTrDJIFI0xmeIx7RsqcEiVl84Pz9CpUUYoiKQpodFc/T2R4lCpWeibzhDriVr2cvE/r5/o4MpLmYgTTQVZLAoSjnSE8hTQiElKNJ8Zgolk5lZEJtikoE1WFROCu/zyKumc191GvXF/UWveFHGU4RhO4AxcuIQm3EEL2kAggWd4hTfryXqx3q2PRWvJKmaO4A+szx8ZFJLC</latexit>

P =
k

V

<latexit sha1_base64="DCiqjteZhbBLPDofwun+GcEqRRA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIVI9FLx4r2A9oStlsN+3SzW7Y3QglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7dTv/1IlWZSPJhJQnsxHgoWMYKNlfrucQMFiZKJkSiIFCaZn2etvO9WvKo3A1omfkEqUKDRd7+CgSRpTIUhHGvd9b3E9DKsDCOc5uUg1TTBZIyHtGupwDHVvWx2fo7OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URNe9jIkkNVSQ+aIo5cg+O80CDZiixPCJJZgoZm9FZIRtCsYmVrYh+IsvL5PWRdWvVWv3l5X6TRFHCU7gFM7Bhyuowx00oAkEMniGV3hznpwX5935mLeuOMXMEfyB8/kD+2mVhw==</latexit>

P / 1

V
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Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

• There exists some constant k, such that for all thermodynamic states, 
this relationship between pressure and volume holds

<latexit sha1_base64="U+UH6KbscWiserjfY6nRD5GSJOI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSItWNUHTjMoK9QBvCZDpth04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w4Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzPrtByoVi8W9niTUj/BQsAEjWBsrsMte4KKWqSvkBTVDtcCuOFVnLrQKbg4VyOUF9levH5M0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGtQ4IgqP5ufPkWnxumjQSxNCY3m7u+NDEdKTaLQTEZYj9Ryb2b+1+umenDpZ0wkqaaCLB4apBzpGM1yQH0mKdF8YgATycytiIywxESbtEomBHf5y6vQqlXderV+d15pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n/2Rqw==</latexit>

P1V1 = P2V2
<latexit sha1_base64="xr8goh9v2KEJAqy/lpoTHMdDgKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNcyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSn7TR9do3C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8i6pXq9buLyuNmzyOIpzAKZyDB3VowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AS7qOTw==</latexit>

PV = k

<latexit sha1_base64="2aZVDgTQ+vuWmfuAAdUhciWHeGA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IRS8eK9gPaEPZbDft0s0m7G6EGvJLvHhQxKs/xZv/xk2bg7Y+GHi8N8PMPD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn97mfveRSsUi8aBnMfVCPBYsYARrIw3tagtdo0EgMUmnWdrJhnbNqTtzoFXiFqQGBVpD+2swikgSUqEJx0r1XSfWXoqlZoTTrDJIFI0xmeIx7RsqcEiVl84Pz9CpUUYoiKQpodFc/T2R4lCpWeibzhDriVr2cvE/r5/o4MpLmYgTTQVZLAoSjnSE8hTQiElKNJ8Zgolk5lZEJtikoE1WFROCu/zyKumc191GvXF/UWveFHGU4RhO4AxcuIQm3EEL2kAggWd4hTfryXqx3q2PRWvJKmaO4A+szx8ZFJLC</latexit>

P =
k

V

<latexit sha1_base64="DCiqjteZhbBLPDofwun+GcEqRRA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIVI9FLx4r2A9oStlsN+3SzW7Y3QglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7dTv/1IlWZSPJhJQnsxHgoWMYKNlfrucQMFiZKJkSiIFCaZn2etvO9WvKo3A1omfkEqUKDRd7+CgSRpTIUhHGvd9b3E9DKsDCOc5uUg1TTBZIyHtGupwDHVvWx2fo7OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URNe9jIkkNVSQ+aIo5cg+O80CDZiixPCJJZgoZm9FZIRtCsYmVrYh+IsvL5PWRdWvVWv3l5X6TRFHCU7gFM7Bhyuowx00oAkEMniGV3hznpwX5935mLeuOMXMEfyB8/kD+2mVhw==</latexit>

P / 1

V
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Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

• There exists some constant k, such that for all thermodynamic states, 
this relationship between pressure and volume holds
• ∃ (k : ℝ), ∀ (n : ℕ), (P n)*(V n) = k
• Next time!

<latexit sha1_base64="U+UH6KbscWiserjfY6nRD5GSJOI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSItWNUHTjMoK9QBvCZDpth04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w4Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzPrtByoVi8W9niTUj/BQsAEjWBsrsMte4KKWqSvkBTVDtcCuOFVnLrQKbg4VyOUF9levH5M0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGtQ4IgqP5ufPkWnxumjQSxNCY3m7u+NDEdKTaLQTEZYj9Ryb2b+1+umenDpZ0wkqaaCLB4apBzpGM1yQH0mKdF8YgATycytiIywxESbtEomBHf5y6vQqlXderV+d15pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n/2Rqw==</latexit>

P1V1 = P2V2
<latexit sha1_base64="xr8goh9v2KEJAqy/lpoTHMdDgKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNcyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSn7TR9do3C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8i6pXq9buLyuNmzyOIpzAKZyDB3VowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AS7qOTw==</latexit>

PV = k

<latexit sha1_base64="2aZVDgTQ+vuWmfuAAdUhciWHeGA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IRS8eK9gPaEPZbDft0s0m7G6EGvJLvHhQxKs/xZv/xk2bg7Y+GHi8N8PMPD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn97mfveRSsUi8aBnMfVCPBYsYARrIw3tagtdo0EgMUmnWdrJhnbNqTtzoFXiFqQGBVpD+2swikgSUqEJx0r1XSfWXoqlZoTTrDJIFI0xmeIx7RsqcEiVl84Pz9CpUUYoiKQpodFc/T2R4lCpWeibzhDriVr2cvE/r5/o4MpLmYgTTQVZLAoSjnSE8hTQiElKNJ8Zgolk5lZEJtikoE1WFROCu/zyKumc191GvXF/UWveFHGU4RhO4AxcuIQm3EEL2kAggWd4hTfryXqx3q2PRWvJKmaO4A+szx8ZFJLC</latexit>

P =
k

V

<latexit sha1_base64="DCiqjteZhbBLPDofwun+GcEqRRA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIVI9FLx4r2A9oStlsN+3SzW7Y3QglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7dTv/1IlWZSPJhJQnsxHgoWMYKNlfrucQMFiZKJkSiIFCaZn2etvO9WvKo3A1omfkEqUKDRd7+CgSRpTIUhHGvd9b3E9DKsDCOc5uUg1TTBZIyHtGupwDHVvWx2fo7OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URNe9jIkkNVSQ+aIo5cg+O80CDZiixPCJJZgoZm9FZIRtCsYmVrYh+IsvL5PWRdWvVWv3l5X6TRFHCU7gFM7Bhyuowx00oAkEMniGV3hznpwX5935mLeuOMXMEfyB8/kD+2mVhw==</latexit>

P / 1

V
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A guide to number systems
ℕ - Natural numbers (0, 1, 2, 3, 4, …)
ℤ - Integers (… -3, -2, -1, 0, 1, 2, …)
ℚ - Rational numbers (1/2, 3/4, 5/9, etc.)
ℝ - Real numbers (-1, 3.6, π, √2) 
ℂ - Complex numbers (-1, 5 + 2i, √2 + 5i, etc.) 

ℕ ℤ ℚ ℝ ℂ

Slide from Lecture 1



Types

• Lean has an unusually expressive type system (Dependent Type 
Theory) that underlies its ability to check math proofs
• You can think of types as sets
• Terms are members of a type

• The various number systems (ℕ, ℤ, ℚ, ℝ, ℂ) are types
• Most of these are constructed from other operations
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Types

• Lean has an unusually expressive type system (Dependent Type 
Theory) that underlies its ability to check math proofs
• You can think of types as sets
• Terms are members of a type

• The various number systems (ℕ, ℤ, ℚ, ℝ, ℂ) are types
• Most of these are constructed from other operations

• Lean also has familiar programming types
• Float, String, List, Array, Bool, etc.

• Formulas and theorems have type Prop (for proposition)
• Functions have types, too
• A function that doubles a natural number has type ℕ→ ℕ



Exercises with Types

• Theorem Proving in Lean 4, Chapter 2
• https://leanprover.github.io/theorem_proving_in_lean4/dependent_type_theo

ry.html

• What’s the type of “Type”?
• Type 1
• What’s the type of “Type 1”?

• Type 2
• What’s the type of “Type 2”?

• Type 3, etc.

• Lean has a hierarchy of Type universes
• See above for more details, we don’t usually need to deal with this

https://leanprover.github.io/theorem_proving_in_lean4/dependent_type_theory.html
https://leanprover.github.io/theorem_proving_in_lean4/dependent_type_theory.html


Corinne’s Shibboleth: Functions in Physics vs Math
From blog: https://physicsteacher.blog/2018/02/16/corinnes-shibboleth/

Dray & Manogue, 2002, Vector calculus bridge project website
http://www.math.oregonstate.edu/bridge/ideas/functions

https://physicsteacher.blog/2018/02/16/corinnes-shibboleth/
http://www.math.oregonstate.edu/bridge/ideas/functions


Corinne’s Shibboleth: Functions in Physics vs Math
From blog: https://physicsteacher.blog/2018/02/16/corinnes-shibboleth/

Dray & Manogue, 2002, Vector calculus bridge project website
http://www.math.oregonstate.edu/bridge/ideas/functions

Mathematicians usually choose A
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Functions: Programming vs. Math

Programming perspective

A function takes arguments, performs 
calculations, and produces an output

Examples in Python

def squared(x):
 y = x*x
 return y



Functions: Programming vs. Math

Programming perspective

A function takes arguments, performs 
calculations, and produces an output

Math perspective

A function maps values from a domain 
to a co-domain

Examples in Python

def squared(x):
 y = x*x
 return y



Functions: Programming vs. Math

Domain
Co-domain
Image

<latexit sha1_base64="eJhCHuyO1AzFlUIIM5b/AewFD/I=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9ISgl5MiF48YiIfESrZLlvYsN02u1sDafgXXjxojFf/jTf/jQv0oOBLJnl5byYz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHNzG89UalYKO71JKJugAeC+YxgbaQHvzg+R1do/Fju5Qt2yZ4DrRInJQVIUe/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5rqxohEmIzygHUMFDqhyk/nFU3RmlD7yQ2lKaDRXf08kOFBqEnimM8B6qJa9mfif14m1f+kmTESxpoIsFvkxRzpEs/dRn0lKNJ8Ygolk5lZEhlhiok1IOROCs/zyKmmWS061VL2rFGrXaRxZOIFTKIIDF1CDW6hDAwgIeIZXeLOU9WK9Wx+L1oyVzhzDH1ifP6Woj50=</latexit>

f(x) = x2
def squared(x):
 y = x*x
 return y

A function!
With type ℤ→ ℤ

Or ℝ→ ℝ



Functions: Programming vs. Math

Domain
Co-domain
Image

def squareroot(x):
 y = x**(1/2)
 return y

<latexit sha1_base64="EQlYbSdXL58M7/SpKWDUpFhDsHc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYBSQyzk9lkyOzDmV5NWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dbiSFRtv+tpaWV1bX1jMb2c2t7Z3d3N5+TYexYrzKQhmqhks1lyLgVRQoeSNSnPqu5HV3cD3x649caREGdziKeNunvUB4glE00r1XGJ6QS9LSDwrJsJPL20V7CrJInJTkIUWlk/tqdUMW+zxAJqnWTceOsJ1QhYJJPs62Ys0jyga0x5uGBtTnup1Mrx6TY6N0iRcqUwGSqfp7IqG+1iPfNZ0+xb6e9ybif14zRu+inYggipEHbLbIiyXBkEwiIF2hOEM5MoQyJcythPWpogxNUFkTgjP/8iKpnRadUrF0e5YvX6VxZOAQjqAADpxDGW6gAlVgoOAZXuHNerJerHfrY9a6ZKUzB/AH1ucP33yRew==</latexit>

f(x) =
p
x

Not always a function!
With type ℤ→ ℤ or ℝ→ ℝ, there is no

mapping from the x < 0 part of the domain

With type ℕ→ ℝ or ℝ→ ℂ, it is a function; 
every part of the domain maps to a value in 

the co-domain



Corinne’s Shibboleth: Functions in Physics vs Math
From blog: https://physicsteacher.blog/2018/02/16/corinnes-shibboleth/

Dray & Manogue, 2002, Vector calculus bridge project website
http://www.math.oregonstate.edu/bridge/ideas/functions

Mathematicians usually choose A
Most scientists and engineers choose B

https://physicsteacher.blog/2018/02/16/corinnes-shibboleth/
http://www.math.oregonstate.edu/bridge/ideas/functions


→ : implies

P → Q means “if P, then Q”
P: detecting argon
Q: detecting a noble gas
P → Q: detecting argon implies detecting a noble gas

P: true, Q: true – then P → Q: true
P: false, Q: true – then P → Q: true
P: true, Q: false – then P → Q: false
P: false, Q: false – then P → Q: true

Slide from Lecture 4



Glossary
• Equation
• Proposition about equality statement

• Formula
• Proposition about expressions, includes equalities, inequalities, as well as logial 

operators
• Expression
• Like the “right hand side” of an equation
• Type depends on the types and operations of things inside

• Function (aka pure function)
• An expression that maps from domain to co-domain

• Partial function
• An expression that maps from part of domain to co-domain



Examples of functions

<latexit sha1_base64="rdyTncvYmH8rmzIiRtx6HulWPW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAuxo3A</latexit>

Pn

<latexit sha1_base64="/ctqEW/T7fVmCebJFdcJFu23gJk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9KK3CvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdVcz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWB lGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6w2WlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPPZKNuw==</latexit>

I(t) Electric current as a function of time

What’s a good type?

Temperature as a function of position,
Cartesian coordinates

Pressure as a function of thermodynamic state

Detector threshold as a function of measurement
<latexit sha1_base64="3z3uY1wYSRZH6G5lcOocIR27OG0=">AAAB8HicbVBNSwMxEM36WetX1aOXYBHqpeyKVI9FLx4r2A9pl5LNzrahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8epotCkMY9VJyAaOJPQNMxw6CQKiAg4tIPRzdRvP4LSLJb3ZpyAL8hAsohRYqz00AuBG1J5OuuXym7VnQEvEy8nZZSj0S999cKYpgKkoZxo3fXcxP gZUYZRDpNiL9WQEDoiA+haKokA7Wezgyf41CohjmJlSxo8U39PZERoPRaB7RTEDPWiNxX/87qpia78jMkkNSDpfFGUcmxiPP0eh0wBNXxsCaGK2VsxHRJFqLEZFW0I3uLLy6R1XvVq1drdRbl+ncdRQMfoBFWQhy5RHd2iBmoiigR6Rq/ozVHOi/PufMxbV5x85gj9gfP5AzyqkA4=</latexit>

�(x)

<latexit sha1_base64="0VZmhUEvMLhl6nU37PNKFNBgDCo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahgpREpHosevFYoV/QhrLZbtqlm03Y3Ygh9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5XsSZ0rb9bRXW1jc2t4rbpZ3dvf2D8uFRR4WxJLRNQh7KnocV5UzQtmaa014kKQ48Trve9C7zu49UKhaKlk4i6gZ4LJjPCNZG6raqTxcoOR+WK3bNngOtEicnFcjRHJa/BqOQxAEVmnCsVN+xI+ 2mWGpGOJ2VBrGiESZTPKZ9QwUOqHLT+bkzdGaUEfJDaUpoNFd/T6Q4UCoJPNMZYD1Ry14m/uf1Y+3fuCkTUaypIItFfsyRDlH2OxoxSYnmiSGYSGZuRWSCJSbaJFQyITjLL6+SzmXNqdfqD1eVxm0eRxFO4BSq4MA1NOAemtAGAlN4hld4syLrxXq3PhatBSufOYY/sD5/APHzjq0=</latexit>

T (x, y)

<latexit sha1_base64="tACDZ42vIvbd837vYdFwp6ONqbI=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAiSNgViR6DXjxGyAuyS5id9CZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHf5iRQabfvbWlvf2NzaLuwUd/f2Dw5LR8dtHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8cf3M7/zBEqLOGriJAEvZMNIBIIzNJLbrKhL6uIIkF30S2W7as9BV4mTkzLJ0eiXvtxBzNMQIuSSad1z7AS9jCkUXMK06KYaEsbHbAg9QyMWgvay+c1Tem6UAQ1iZSpCOld/T2Qs1HoS+qYzZDjSy95M/M/rpRjcepmIkhQh4otFQSopxnQWAB0IBRzlxBDGlTC3Uj5iinE0MRVNCM7yy6ukfVV1atXa43W5fpfHUSCn5IxUiENuSJ08kAZpEU4S8kxeyZuVWi/Wu/WxaF2z8pkT8gfW5w+tVJDS</latexit>

T (r, ✓) Temperature as a function of position,
polar coordinates 



Functions in Lean

• Further discussion in Lecture 7
• No parentheses needed – just a space will do
• f(x) is written as f x

• We can prove things about pure functions; it’s much harder with 
partial functions
• Lean requires you to label “noncomputable” functions
• Noncomputable means “incapable of being computed by any algorithm in a 

finite amount of time”
• Real.pi is noncomputable



All possible
combinations

of symbols

Logically valid 
statements

Reality

Pure math
Syntax

Code

Scientific models Symbolic models Computable 
models

Syntax and semantics in scientific computing

Reality

Scientific software

Slide from Lecture 3



Combining ∀ and ∃ to represent “proportional to”
• Empirical science often describes phenomena using proportions
• Boyle’s Law
• Pressure is inversely proportional to volume

• There exists some constant k, such that for all thermodynamic states, 
this relationship between pressure and volume holds
• ∃ (k : ℝ), ∀ (n : ℕ), (P n)*(V n) = k
• Next time!

<latexit sha1_base64="U+UH6KbscWiserjfY6nRD5GSJOI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSItWNUHTjMoK9QBvCZDpth04mYWailNhHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w4Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzPrtByoVi8W9niTUj/BQsAEjWBsrsMte4KKWqSvkBTVDtcCuOFVnLrQKbg4VyOUF9levH5M0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGtQ4IgqP5ufPkWnxumjQSxNCY3m7u+NDEdKTaLQTEZYj9Ryb2b+1+umenDpZ0wkqaaCLB4apBzpGM1yQH0mKdF8YgATycytiIywxESbtEomBHf5y6vQqlXderV+d15pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n/2Rqw==</latexit>

P1V1 = P2V2
<latexit sha1_base64="xr8goh9v2KEJAqy/lpoTHMdDgKw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNcyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSn7TR9do3C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8i6pXq9buLyuNmzyOIpzAKZyDB3VowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AS7qOTw==</latexit>

PV = k

<latexit sha1_base64="2aZVDgTQ+vuWmfuAAdUhciWHeGA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IRS8eK9gPaEPZbDft0s0m7G6EGvJLvHhQxKs/xZv/xk2bg7Y+GHi8N8PMPD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn97mfveRSsUi8aBnMfVCPBYsYARrIw3tagtdo0EgMUmnWdrJhnbNqTtzoFXiFqQGBVpD+2swikgSUqEJx0r1XSfWXoqlZoTTrDJIFI0xmeIx7RsqcEiVl84Pz9CpUUYoiKQpodFc/T2R4lCpWeibzhDriVr2cvE/r5/o4MpLmYgTTQVZLAoSjnSE8hTQiElKNJ8Zgolk5lZEJtikoE1WFROCu/zyKumc191GvXF/UWveFHGU4RhO4AxcuIQm3EEL2kAggWd4hTfryXqx3q2PRWvJKmaO4A+szx8ZFJLC</latexit>

P =
k

V

<latexit sha1_base64="DCiqjteZhbBLPDofwun+GcEqRRA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIVI9FLx4r2A9oStlsN+3SzW7Y3QglBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7dTv/1IlWZSPJhJQnsxHgoWMYKNlfrucQMFiZKJkSiIFCaZn2etvO9WvKo3A1omfkEqUKDRd7+CgSRpTIUhHGvd9b3E9DKsDCOc5uUg1TTBZIyHtGupwDHVvWx2fo7OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URNe9jIkkNVSQ+aIo5cg+O80CDZiixPCJJZgoZm9FZIRtCsYmVrYh+IsvL5PWRdWvVWv3l5X6TRFHCU7gFM7Bhyuowx00oAkEMniGV3hznpwX5935mLeuOMXMEfyB8/kD+2mVhw==</latexit>

P / 1

V

Slide from Lecture 4



Building a network of proofs


