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Abstract

The integration of Large Language Models (LLMs) with formal verifica-
tion systems like Lean has opened new frontiers for automated math-
ematical reasoning. However, existing benchmarks often treat theorem
proving as static, isolated tasks and suffer from rapid performance satu-
ration, failing to capture the varying degrees of mathematical guidance
present in realistic formalization workflows. In this paper, we introduce
Live Lean Triathlon, a novel Lean benchmark consisting of 110 formalized
statements spanning undergraduate to research-level mathematics. Mir-
roring the grueling, multi-stage nature of a triathlon, our framework com-
prehensively evaluates Al agents across three distinct modes of guidance:
(1) Bare-Statement, which demands entirely autonomous, full proof discov-
ery; (2) Sketch-Guided, which provides a structured framework of formally
stated intermediate lemmas; and (3) Blueprint-Guided, which challenges
models to accurately translate high-level natural language intuition into
executable Lean code. To ensure long-term utility, the benchmark is de-
signed to be live-updating, with a scheduled expansion every six months
that introduces new formalized statements and their accompanying infor-
mal proofs. Furthermore, we introduce a folder-level verification proto-
col that evaluates interdependent Lean files within the full project context
layered on Mathlib, moving beyond isolated, context-free snippets. Live
Lean Triathlon establishes a rigorous, multi-dimensional proving ground to
assess cross-domain generalization and fine-grained capabilities of next-
generation Al mathematical agents.

1 Introduction

The idea of using computers to emulate human mathematical reasoning has long intrigued
the computer science [6]. The Lean theorem prover [12] offers a concrete platform for this
vision, allowing mathematical propositions and proofs to be expressed as executable code.
With the rise of Large Language Models (LLMs) [14] and coding agents, there has been
growing interest in using Al to assist formalization and, conversely, using formal theorem
proving as a benchmark for Al capabilities [25]. The Lean community has particularly
benefited from Mathlib [19], a library covering undergraduate and graduate mathematics,
with tools that connect Al agents to the Lean environment [4} [10].

Formal proof generation is an ideal evaluation task because outputs are easily verifiable by
a proof assistant (Lean provides the ‘comparator’ system [18] for verification). However,
in realistic formalization workflows, an Al model may receive varying degrees of mathe-
matical guidance. For example, it could be given only the formal statement of a theorem,
or a set of formally stated intermediate lemmas, or an informal proof (a “blueprint”) to be
translated into Lean. These scenarios demand different skills: proof search, decomposition,
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Formal Statement
theorem banach_mazur (E : Type*) [NormedAddCommGroup EJ

[NormedSpace IR E] [SeparableSpace E] :
Nonempty (E —>1i[]R] C(unitInterval, IR)) := by sorry

Formal Statement

r Informal Blueprint
.) Lemma 1. If K is a compact set for some topology T, and T’ is any ...
&7‘ Proof. Suppose A is a T-closed subset of K. Then A is T-compact ...

Lemma 2. If K is a compact metrizable space, then K embeds ...
Proof. Being compact and metrizable, K contains a countable ...

Formal Statement

Sketch-Guided
Formal Sketch
lemma compact_hausdorff_coincide {T7’: TopologicalSpace K}...:=

by sorry \
lemma compact-metrizable_implies_embeds [TopologicalSpace K]...:=

by sorry

Figure 1: Live Lean Triathlon. Inspired by the multi-stage nature of a triathlon, we design three
evaluation modes to comprehensively benchmark theorem proving capabilities.

library retrieval, and autoformalization. Moreover, as LLM-based provers improve, static
benchmarks quickly suffer from saturation — the best models solve all problems, making
differentiation difficult. Leakage into training corpora further undermines their reliability.

To address these issues, we introduce a new Lean dataset and benchmark named Live Lean
Triathlon, consisting of 110 formalized statements drawn from diverse mathematical fields.
Inspired by the grueling and multi-stage nature of a triathlon, we design three distinct
evaluation modes to comprehensively benchmark a model’s capabilities, as illustrated in
Figure[l} (1) Bare Statement: Only the formal statement is provided, requiring the model to
achieve entirely autonomous full proof discovery. (2) Sketch-Guided: The model receives
the formal statement along with a structured framework of formally stated intermediate
lemmas (a formal sketch) to guide the proving process. (3) Blueprint-Guided: The model
is equipped with the formal statement paired with an informal proof, challenging it to
accurately translate high-level mathematical intuition into executable Lean code.

By providing tasks of varying difficulty levels across diverse disciplines, the Live Lean
Triathlon benchmark is inherently resilient against performance saturation. As automated
theorem proving models continue to evolve, evaluation can dynamically pivot toward
harder, unproven objectives to yield fine-grained distinctions in agent capabilities, while
the inclusion of multiple mathematical fields enables a rigorous assessment of cross-
domain generalization. Our main contributions are as follows:

A Comprehensive and live-updating Lean benchmark. We introduce a new mathematical
dataset spanning undergraduate to research-level topics. A core subset of these problems
features complete formal proofs paired, adopting a background-lemma architecture where
key intermediate steps are formally represented. The benchmark is designed to be live-
updating, with a scheduled expansion every six months that introduces new formalized
statements and their accompanying informal proofs.

The tri-Mode evaluation suite. We establish the Live Lean Triathlon evaluation framework
to systematically measure model performance under three distinct levels of guidance: Bare-
Statement, Sketch-Guided and Blueprint-Guided.
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Table 1: Comparison of representative formal mathematics datasets and benchmarks. Live Lean
Triathlon strikes an optimal balance across key architectural dimensions, distinguishing itself through
a broad multi-domain mathematical scope, a tri-mode evaluation suite, realistic folder-level verifi-
cation, and a continuous living update protocol. Notation: P for proving, BGP for blueprint-guided
proving, SGP for sketch-guided proving.

Dataset Size Scope Verification Eval Mode Updating
miniF2F 488 Level Specific (High-school) Snippet-level P X
ProofNet 371 Level Specific (Undergrad) Snippet-level P+BGP X
PutnamBench 640 Level Specific (Undergrad) Snippet-level P X
FormalMath 5,560 Level Specific (Undergrad) Snippet-level p X
ProofBench 200 Level Specific (Undergrad / Grad) Snippet-level P X
LeanCat 100 Domain specific (Category theory) Snippet-level P X
CombiBench 100 Domain specific (Combinatorics) Snippet-level P+BGP X
FATE 350 Domain specific (Algebra) Snippet-level P+BGP X
Lean-Eval 60 Broad scope Snippet-level P+BGP v
Live Lean Triathlon 110 Broad scope Folder-level P+BGP+SGP v

Folder-level verification protocol. We design a realistic evaluation protocol tailored for
interdependent Lean files. Because our benchmark constructs its own cohesive library
layered on top of Mathlib, all model submissions must be verified and compiled within
the full project context rather than as isolated, context-free snippets.

2 Related Work

As Lean 4 has emerged as one of the most active and widely used theorem-proving ecosys-
tems, several benchmarks have been developed to evaluate the formalization and proving
capabilities of Al models. We systematically compare these existing datasets with Live Lean
Triathlon across multiple structural dimensions in Table

Evaluation Modes and Verification Protocols. An early pioneer in this space is miniF2F
[25], which focuses primarily on high school math competitions and has undergone mul-
tiple revisions to correct errors [25] [13]. Closely related to our work, Jiang et al. [7] in-
troduced the “Draft, Sketch, and Prove” paradigm, augmenting miniF2F with informal
proofs. Their work successfully demonstrated the value of combining informal and formal
reasoning. Building upon these foundations, several subsequent benchmarks have suc-
cessfully expanded the evaluation framework to dual modes, combining statement-only
proving (P) and blueprint-guided proving (BGP). For a more fine-grained diagnosis of
agent capabilities, Live Lean Triathlon further advances this progression by establishing a
comprehensive tri-mode spectrum that seamlessly integrates the previous two modes with
the sketch-guided proving (SGP). Despite the evaluating modes, a fundamental architec-
tural gap remains: all these existing benchmarks are strictly constrained to snippet-level
verification of isolated theorems. To address this limitation, our benchmark pivots to a re-
alistic folder-level verification protocol. By forcing model submissions to compile within
a cohesive project context layered on top of Mathlib, Live Lean Triathlon faithfully captures
real-world mathematical workflows featuring complex cross-file dependencies.

Mathematical Difficulty and Domain Breadth. Since the development of miniF2F, sub-
sequent benchmarks have expanded to cover standard educational curricula [3] 24} [15],
with recent efforts like NuminaMath [8] 22] scaling dataset sizes up to 100K data points.
Despite their impressive volume, these problems remain predominantly restricted to level
specific topics, making them highly susceptible to rapid performance saturation. In con-
trast, domain specific benchmarks have emerged to capture higher-level complexity, such
as LeanCat [23] for category theory and CombiBench [9] for combinatorics. While effec-
tive in capturing the depth of real-world formalization projects, their narrow focus limits
their ability to evaluate how well an Al agent generalizes across disparate mathematical
fields. Live Lean Triathlon strikes an ideal balance by prioritizing breadth over depth across
advanced topics, spanning undergraduate to research-level mathematics while retaining
cross-domain diversity.
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Dynamic Evolution and Living Updates. A critical yet rarely addressed vulnerability
of existing theorem-proving datasets is their static nature, which exposes them to severe
training data contamination and rapid performance saturation over time. To the best of
our knowledge, within the Lean ecosystem, only Lean-eval EI introduces a living update
mechanism to counteract these issues. Such dynamic updates are essential not only for
mitigating data leakage as LLMs iterate, but also for maintaining alignment with Mathlib’s
continuous evolution. Therefore, one core desideratum of our data curation is evolvability.

3 Data Curation

In this section, we present Live Lean Triathlon, a benchmark designed to evaluate LLM
agents on formal mathematical proving. We first outline the core desiderata and constraints
that guide our dataset design. We then detail our data sources and the interactive collection
methodology used to formalize these problems. Next, we provide summary statistics and
analyze the structural distribution of the dataset based on the AMS Mathematics Subject
Classification. Finally, we describe our protocol for the ongoing evolution and mainte-
nance, ensuring it remains dynamic and resistant to performance saturation over time.

3.1 Design Principles and Desiderata

In sourcing data for the benchmark, we navigate several key desiderata. (1) Data Sourcing.
To avoid data contamination, we prioritize problems without existing formal proofs on-
line, as LLMs may exploit leaked solutions or retrieve them dynamically. We extensively
search for prior formalizations and explicitly flag any subsequently formalized by external
efforts. Public release is restricted to prevent automated harvesting. (2) Difficulty. Trivial
problems are excluded due to low discriminative power, while problems with prohibitive
formalization overhead are avoided to ensure scalability. At minimum, each problem must
be formally statable—a process that often reveals underlying proof complexity. (3) Repre-
sentativeness. The problems must reflect real-world mathematical formalization challenges.
Unlike olympiad-heavy benchmarks, our tasks span diverse disciplines and are selected to
serve as lemmas or intermediate steps for broader applications.

3.2 Data Sources

To construct a comprehensive and diverse evaluation set, we curated a total of 110 theo-
rems from multiple distinct mathematical ecosystems, shown in Figure |2| (b). Rather than
relying on a single repository, we diversified our sources to ensure broad mathematical
coverage and varying degrees of conceptual difficulty.

Wikipedia and the 1000+ Theorems Project (93 Theorems). The vast majority of our
dataset is derived from Wikipedia and Wikidata, which aggregate historically and mathe-
matically significant theorems. Topics documented must satisfy strict notability guidelines,
guaranteeing that the included problems are of genuine interest to the mathematical com-
munity. To systematically prevent data contamination, we cross-referenced these candi-
dates with the 1000+ Theorems Project [17], a community effort tracking formalized math-
ematics in Lean. Additionally, we expanded our search to include notable theorems listed
on Wikipedia but not yet actively tracked by the 1000+ Theorems Project index, manually
verifying their formalization status across public Lean repositories.

The Stacks Project (6 Theorems). The Stacks project [20] describes itself as an “open source
textbook and reference work on algebraic geometry.” The project is well-documented and
rigorously written, making it relatively easy to assess the requirements for formalizing
theorems.

MathOverflow (2 Theorems). To reflect the types of problems active researchers encounter,
we selected high-quality entries from MathOverﬂowﬂ a premier question-and-answer

1https ://lean-lang.org/eval/
2https ://mathoverflow.net
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Number theory 7 30
Combinatorics 4 11
Commutative algebra 6 1

Real functions 4 2

Total: 110
Functions of
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Figure 2: Distribution of theorems in LiveProveBench.

platform for professional mathematicians. Sourcing from this platform ensures that the
selected problems capture nuances that mathematicians find sufficiently challenging or
important to warrant collaborative research.

Community-Driven Sourcing (9 Theorems). Finally, a subset of problems was sourced
from ongoing formalization discussions within the Lean community. These entries repre-
sent high-interest research vectors that are currently being pioneered by domain experts.

3.3 Collection and Formalization Pipeline

The dataset construction followed a structured, multi-stage pipeline designed to transi-
tion mathematical statements from informal descriptions to verified, agent-ready formal
specifications. This pipeline can be partitioned into three primary phases: Identification,
Formalization, and Iterative Refinement.

Phase 1: Candidate Identification and Filtering. We initiated the pipeline by leveraging
the 1000+ Theorems Project database alongside public Lean community trackers to filter
out already-formalized mathematics. For unformalized candidates, we utilized Large Lan-
guage Models (LLMs) via the LeanExplore framework [1]] to conduct preliminary depen-
dency audits. This allowed us to determine whether the prerequisites for a given theorem
were sufficiently supported by the current state of Lean’s mathlib. Candidates passed this
phase only if their foundational primitives were deemed feasible to formalize without re-
quiring an extensive rewrite of core mathlib libraries.

Phase 2: Formal Specification and Expository Drafting. Once a candidate was validated,
we manually constructed its formal statement in Lean, implementing any necessary defini-
tions not currently present in mathlib. Concurrently, we authored a highly structured and
self-contained informal proof. This expository text was designed to strike an optimal bal-
ance between mathematical rigor and concise logical progression, serving as the primary
contextual prompt for subsequent automation.

Phase 3: Agentic Execution and Iterative Alignment. Using the formal statement and the
drafted informal proof as input, we deployed a pre-existing LLM agent to attempt the for-

3General topology, Mathematical logic and foundations, Field theory and polynomials, Nonasso-
ciative rings and algebras, Functional analysis, Geometry, Convex and discrete geometry, Computer
science, Algebraic geometry, Category theory; homological algebra, Operator theory, Calculus of
variations and optimal control; optimization
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malization. We then systematically audited the failure modes of the agent’s attempts. If
the agent failed due to syntactic or semantic errors in our initial statement, we corrected
the formal definition. If the failure stemmed from logical gaps or ambiguities in the infor-
mal text, we refined the informal proof by decomposing complex arguments into explicit
intermediate lemmas or purging orthogonal, non-essential steps. This alignment process
was repeated iteratively until a stable benchmark entry was established.

Handling Structural Feasibility and Stubs. In practice, due to latent gaps in mathlib or
unforeseen technical complexities in the proofs, certain theorems demanded a prohibitive
amount of manual engineering to formalize fully. To maintain scalability without sacrific-
ing the conceptual depth of the benchmark, we opted to include these entries as formalized
stubs. For these instances, the theorem statements are fully formalized, but unfinished or
highly intricate intermediate lemmas are explicitly marked with the Lean keyword sorry.
This hybrid approach allows the benchmark to accommodate problems with accessible for-
mulations but highly sophisticated proofs, directly shaping the structural composition of
our dataset analyzed in the following section.

3.4 Dataset Statistics and Analysis

The Live Lean Triathlon benchmark comprises 110 formalized theorems. For 41 of these, we
provide complete formal proofs alongside informal blueprints. The remaining 69 are “can-
didate” problems with one or more sorry placeholders in their proofs. These candidates
are too challenging to resolve within current resources and serve as a reservoir of harder
tasks for future evaluation. To evaluate the domain diversity of the benchmark, each the-
orem is tagged with its primary AMS Mathematics Subject Classification (MSC2020) [2],
leveraging infrastructure from the formal-conjectures project [5]. While generally adopt-
ing the classifications from the 1000+ Theorems Project, we manually assigned missing
tags.

Figure [2] illustrates the disciplinary distribution of the benchmark. The 110 theorems span
22 distinct high-level AMS classifications. Number theory (37 theorems) and combinatorics
(15 theorems) are most heavily represented, yet exhibit low proof completion rates. This
distribution occurs because the core primitives of number theory and combinatorics are
comprehensively established within mathlib, rendering their theorem statements trivial to
formalize; however, their underlying proofs remain remarkably difficult, leading to a high
concentration of formalized stubs.

Beyond these heavily represented fields, certain AMS categories posed systemic obstacles.
Theorems from game theory and behavioral sciences (AMS 91) in the 1000+ Theorems
Project often lack sufficient precision in the literature, introducing semantic ambiguity for
formalization. Applied physics fields, such as mechanics (70), quantum theory (81) and
statistical mechanics (82), require rigorous formalization of foundational physical concepts
before statements can be expressed. Although domain-specific frameworks such as Lean-
Quantuminfo [11] and Physlib [21] exist, we deliberately avoided sourcing from these disci-
plines to minimize external dependencies.

3.5 Data Evolution and Maintenance

While the preceding sections detail the initial construction of Live Lean Triathlon, the bench-
mark is intentionally designed to be live-updating over time. We implement a sustainable
evolution protocol to counter the static nature that plagues most existing theorem-proving
datasets. Specifically, every six months, we will expand the benchmark by introducing 20
new formalized statements, each accompanied by its corresponding informal proof. For
a designated subset of these problems, we will also provide complete formal proofs. This
regular, rolling expansion serves two critical purposes: first, it mitigates the risk of training
data contamination as LLMs evolve; second, it ensures that the benchmark remains aligned
with the continuous evolution of Mathlib. By systematically refreshing the problem suite,
Live Lean Triathlon guarantees that our evaluation remains a pristine, non-saturated, and
highly challenging proving ground for next-generation Al agents, thereby avoiding the
rapid performance saturation observed in static datasets.



@ Project Numina

4 Benchmarking Methodology

4.1 Tri-Mode Evaluation Suite

In order to comprehensively and multi-dimensionally evaluate the capability boundaries
of different models, we design a triathlon-style, multi-mode evaluation framework. By
considering various perspectives of mathematical assistance and prior guidance, we de-
couple each holistic proof task into three distinct, progressively challenging testing modes.

Sketch-Guided Mode. To evaluate the capabilities in local tactic synthesis and sub-goal
solving, we design the Sketch-Guided mode, where the model receives a “formal proof
skeleton” with intermediate lemmas, while all proof details are masked as sorry. These
pre-stated lemmas act as a formal sketch, directly exposing the structural milestones within
the proof process. With this predefined trajectory, the challenge for the model is to profi-
ciently invoke low-level tactics to bridge the remaining logical gaps between these mile-
stones. Furthermore, since the provided lemmas serve as a mutable working environment
rather than black-box facts, this setting also assesses the model’s flexibility to refine or re-
construct intermediate steps when necessary.

Blueprint-Guided Mode. Compared to the Skefch-Guided mode, this mode provides the
model with a detailed, human-expert-verified natural language proof instead of a formal
sketch. This text serves as a guiding blueprint, supplying the model with a complete math-
ematical problem-solving intuition. This mode primarily evaluates the model’s capabili-
ties in auto-formalization and cross-modal alignment. Specifically, it requires the agent not
only to accurately comprehend high-level human mathematical intuition, conceptual ab-
stractions, and proof logic, but also to precisely translate and ground them into rigorous,
executable Lean formalization code.

Bare-Statement Mode. As the most demanding and rigorous evaluation setting, this mode
removes all intermediate lemma hints and informal textual assistance. The model is pre-
sented solely with the isolated target theorem statement and the foundational concepts
necessary to define it. This mode aims to probe the limits of the model’s fully autonomous,
end-to-end proof search capabilities. Without any external scaffolding or blueprint naviga-
tion, the model must demonstrate macroscopic global planning skills, including indepen-
dently resolving missing dependencies, dynamically synthesizing its own proof skeletons,
and iteratively refining its strategies based on compilation errors.

4.2 Folder-Level Verification Protocols

To accurately evaluate mathematical formalizations involving extensive cross-file depen-
dencies, our evaluation for Live Lean Triathlon departs from traditional single-file server
verification [16] in favor of a robust folder-level local verification mechanism. Since single-
file evaluators often struggle to parse adaptive multi-file structure, we compile the target
files directly within a complete local Lean 4 environment. To precisely monitor the com-
pilation status, we developed a dedicated CLI tool that parses the raw compiler output,
accurately extracting syntax/logic errors, unresolved sorry placeholders, and warnings,
thereby providing high-fidelity environmental feedback for the agents and ensuring rigor-
ous evaluation.

Furthermore, given the advanced autonomous capabilities of modern LLM agents, pre-
venting unintended shortcuts or cheating is crucial to ensure the fairness of the bench-
mark. We instantiate isolated, independent workspaces for each testing task to prevent
state contamination. More importantly, we enforce strict sandbox restrictions on the exe-
cution environment: we completely block access to network search, disable version control
commands, and heavily restrict file system read /write permissions. These comprehensive
isolation protocols physically prevent the models from web searching or fetching external
repositories, forcing them to rely exclusively on their intrinsic reasoning abilities and the
explicitly provided context.
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Table 2: Evaluation statistics and normalized scores for the 20 selected theorems in the evaluation
subset. The table is sorted in difficulty score and divided into three tiers. The values of code scale are
color-coded to indicate different levels of complexity, while extreme cases of Mathlib coverage are
marked with an underscore.

Name / Subject Legt Dy Cm D D1t
DifferenceSetContainsInterval / Measure and integration 279 0.4 0.80 0.3 0.90
Kraft / Computer science 279 0.3 0.55 0.2 0.95
PicardGroupUfd / Commutative algebra 161 0.5 0.85 0.4 1.05
CondorcetJury / Probability theory and stochastic processes 649 0.5 0.35 0.2 1.35
Worpitzky / Combinatorics 1548 0.5 0.30 0.2 1.40
Dilworth / Combinatorics 629 0.5 0.35 0.3 1.45
JacobsonMorozovTheorem / Nonassociative rings and algebras 290 0.5 0.55 0.5 1.45
BanachMazur / Functional analysis 885 0.6 0.55 0.5 1.55
KolmogorovThreeSeriesNecessary / Sequences, series, summability 333 0.6 0.55 0.5 1.55
SchurRamsey / Combinatorics 31 0.5 0.20 0.3 1.60
MertensFirstTheorem / Number theory 15 0.5 0.20 0.3 1.60
SinkhornTheorem / Linear and multilinear algebra; matrix theory 1232 0.5 0.35 0.5 1.65
VonStaudtClausen / Number theory 907 0.6 0.35 0.4 1.65
AndersonTheorem / Real functions 1093 0.6 0.35 0.6 1.85
BrascampLieb / Real functions 1009 0.6 0.35 0.6 1.85
PolygonalNumberTheorem / Number theory 300 0.5 0.45 0.8 1.85
PicardTheorem / Functions of a complex variable 14 0.6 0.15 0.5 1.95
KaplanskyTheoremOnQuadraticForms / Number theory 18 0.6 0.10 0.6 2.10
DefinabilityNaturalsInRationals / Mathematical logic and foundations 19 0.6 0.15 0.8 2.25
FareySequence / Number theory 82 0.7 0.10 0.8 2.40

5 Experiments and Analysis

We present an evaluation of Live Lean Triathlon through three components. In Section
we describe the subset selection for the evaluation, where 20 representative problems are
selected using a multi-dimensional pipeline based on effective code scale, Mathlib cover-
age, formalization difficulty, and mathematical depth, aggregated into an assembly diffi-
culty score to ensure balanced coverage. We present the results of model performance in
Section 5.2} and perform a brief analysis of three evaluation modes in Section 5.3

5.1 Evaluation Subset Selection

Since the arge scale of the Live Lean Triathlon dataset (totaling 110 propositions), to ensure
a comprehensive evaluation of model performance while effectively managing computa-
tional overhead, we construct a representative test subset comprising 20 problems. To
guarantee that this subset is uniformly distributed across difficulty gradients and broadly
covers diverse mathematical branches, we design a multi-dimensional automated evalu-
ation pipeline to conduct unbiased quantitative profiling of all 110 candidate problems
across the following three core dimensions.

Core Metrics. To quantitatively characterize the formalization overhead and intrinsic dif-
ficulty of each proposition, we define the following four indicators. (1) Effective Code Scale
Legs. As the most intuitive empirical measure of formalization workload, we adopt effec-
tive lines of code. Through static analysis, after automatically stripping single-line and
nested block comments from the Lean 4 source code, blank lines are excluded, yielding
Legs. (2) Mathlib Coverage Ratio Cr,. Using Claude Opus 4.7, we evaluate the extent to
which the required definitions and lemmas are already covered by the existing Mathlib.
The model outputs a coverage ratio Cm € [0, 1], where higher values indicate greater re-
liance on pre-existing formalized components. (3) Formalization Engineering Difficulty Ds.
From the same Claude Opus 4.7 evaluation, we obtain a difficulty score D¢ € [0,1] that
reflects the engineering barriers at the code implementation level, including the complex-
ity of key definitions and core lemmas. (4) Mathematical Depth Dp,. Leveraging Gemini 3.1
Pro Preview, we quantify the intrinsic pure-mathematical challenge of each proposition,
encompassing its underlying mathematical structure, proof bottlenecks, and prerequisite
concepts, producing a mathematical difficulty score D, € [0,1].
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Figure 3: Comparison of three LLM-driven agents across three evaluation modes on 20 problems.
Leanstral points (lower left) are slightly jittered along x for visibility.

Assembly Difficulty Score. To comprehensively measure the overall challenge of a propo-
sition, we integrate the three evaluations into a single assembly difficulty score:

D = D¢+ D + (1 — Cn).

Here, the term (1 — Cn) serves as a penalty: a lower Mathlib coverage ratio incurs a larger
penalty, reflecting the increased engineering burden of manually formalizing missing foun-
dational dependencies. We partition all candidate propositions into three tiers based on D,
using split thresholds at 1.5 and 1.8 (see Table[2), and select approximately 6 to 8 problems
from each tier to ensure balanced coverage across the full difficulty spectrum.

Mathlib Coverage Extremes. To capture varying degrees of dependency on existing for-
malization infrastructure, we stratify by Cn, and enforce quotas for two extreme cases: (1)
problems with Cp, < 0.3, which require substantial manual development of missing foun-
dational components; (2) problems with Cr, > 0.7, which primarily exercise the ability to
effectively reuse standard libraries.

Effective Code Scale. To avoid over-selecting either trivial small proofs or excessively large
formalizations, we stratify by Leg. All candidates are divided into three tiers according
to Leg: short proofs (<300 lines, blue), medium proofs (300-1000 lines, green), and long
proofs (>1000 lines, yellow). We require at least three problems for each category, ensuring
that the final subset includes short, medium, and large formalization tasks. Furthermore,
we include several problems that currently lack formal proofs (red) to fully explore the
boundaries of the models’ capabilities.

Based on the above criteria, we perform stratified filtering to ultimately select 20 problems
that constitute our test subset. The detailed statistical distribution of the selected subset is
presented in Table

5.2 Experiment Results

To ensure a fair and comprehensive comparison of agentic proving capabilities across dif-
ferent models, we develop a unified evaluation framework for the Live Lean Triathlon. This
framework upgrades the original Numina-Lean-Agent [10] by migrating the MCP tool pro-
tocol to a highly adaptable command-line interface (CLI) invocation mechanism, thereby
achieving broader and more flexible compatibility with various base models.

Under this unified framework, we instantiate and evaluate three representative base mod-
els: Claude Opus 4.7 (Claude), DeepSeek v4 Pro (DeepSeek), and LeanStral. All models
were tested on the 20-theorem subset detailed in Section comprehensively spanning
the three distinct task modes.
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Figure 4: Cumulative success rate vs. time budget of Claude on the selected subset. Sketch-Guided
reaches a 0.7 success rate fastest and most efficiently, while Blueprint-Guided achieves the same rate
at much higher cost. Bare-Statement plateaus at 0.4, highlighting the necessity of structural guidance.

Figure [3| reports the accuracy, inference cost and time expenditure for each model across
different modes. Synthesizing these results, we derive several key findings regarding the
models” problem-solving paradigms. Under Sketch-Guided and Blueprint-Guided modes,
DeepSeek and Claude achieved nearly identical problem-solving success rates , while
DeepSeek incurred significantly lower costs (Figure 3a), albeit with a trade-off of substan-
tially higher time expenditure (Figure .

Furthermore, at the model level, DeepSeek and Claude exhibit distinctly different capa-
bility traits. As shown in Figure [3b|, Claude tends toward rapid response but premature
abandonment: its single-step inference is exceptionally fast, leading to a rapid initial climb
in the curve; however, when faced with complex proof paths or continuous compilation
errors, it lacks the autonomy for self-correction and restructuring. In contrast, DeepSeek
demonstrates strong exploration resilience: although its search process is slow and highly
time-consuming, it persistently navigates the massive state space. This qualitative dif-
ference is particularly evident in the unassisted Bare-Statement mode: Claude saturates
early and suffers a significant drop in performance, whereas DeepSeek exhibits a strik-
ing late-stage advantage, ultimately surpassing Claude’s Sketch-Guided performance in the
absolute number of solved problems. This clearly demonstrates that DeepSeek retains ro-
bust autonomous planning capabilities even in a “zero-scaffolding” environment. Finally,
although the smaller-parameter Leanstral solves very few complete problems, it still suc-
cessfully fills in some local sorry sub-goals, indicating that it possesses basic low-level
tactic execution abilities but remains significantly deficient in macroscopic proof planning.

5.3 Analysis of Different modes

As shown in Figure [} the formal sketch (Sketch-Guided) yields the most immediate and
efficient gains, reaching a saturation plateau of 0.7 significantly earlier than the blueprint
mode. Conversely, while the informal blueprint (Blueprint-Guided) eventually matches this
0.7 success rate, its trajectory demands substantially higher inference time and computa-
tional cost. This disparity suggests that structured prompts directly aligned with the target
language spare the prover the translation burden of auto-formalization, making sketches
the most cost-effective approach at present. Meanwhile, the unguided Bare-Statement mode
plateaus prematurely at 0.4, exposing the strict limitations of autonomous search without
structural guidance.

Nevertheless, informal proofs remain highly valuable, as they preserve rich human math-
ematical intuition and high-level reasoning that can inspire alternative proof strategies as
cross-modal alignment and long-context capabilities improve. More importantly, this strik-
ing performance variance validates the necessity of the multi-mode “Triathlon” frame-
work. Theorem proving configurations test fundamentally distinct capabilities: Bare-
Statement assesses zero-shot autonomous search; Sketch-Guided evaluates micro-level proof
decomposition and library retrieval; and Blueprint-Guided requires a deep integration of

10
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auto-formalization and path search. Our results reveal that a model’s proficiency in one
dimension (e.g., sketch-guided inference) cannot be linearly extrapolated to others (e.g.,
exploration from scratch). Therefore, only a multi-mode cross-evaluation can accurately
map the complete capability boundaries of modern LLMs in formal mathematics.

6 Future work

A primary objective of this work is to establish a benchmark that rigorously assesses the
capabilities of Al models across practically relevant use cases. To this end, we have incor-
porated both informal proofs and formal statements spanning a diverse range of mathe-
matical fields. Moving forward, several promising avenues exist to further enhance the
dataset’s utility and scope.

While our current evaluation focuses exclusively on formal proof generation, real-world
applications often demand a tighter integration of formal and informal mathematics. By
defining a taxonomy of ”states of knowledge” surrounding a theorem (ranging from un-
stated hypotheses to complete formal proofs), we can map out a broader spectrum of ad-
vanced Al tasks. Specifically, future iterations of this benchmark could encompass: (1)
Statement Auto-Formalization: Translating informal statements into formal equivalents,
evaluated by requiring the model to prove equivalence to the ground truth under succinct-
ness constraints to avoid trivialization. (2) Informalization: Generating natural language
explanations from formal proofs, verified via human evaluation for clarity and correct-
ness. (3) Proof Sketching [7]: Producing informal sketches to guide formal proof construc-
tion, which can be automatically evaluated by using the sketch to condition a downstream
auto-formalization model. Despite their verification challenges, these tasks reflect key for-
malization use cases for Al agents, prioritizing their inclusion in future work.
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A Implementation Details of Experiments

A1 Prompts Used in the Experiments
A.1.1 Model evaluation

**%*FIRST ACTION**: Read the skill overviews now | ~skills/search/SKILL.md",

— “skills/verification/SKILL.md>, ~skills/11m/SKILL.md",

— “skills/code-transform/SKILL.md~, “skills/sorrifier/SKILL.md". For any

— tool's exact CLI invocation, read the corresponding ~reference-<tool>.md"
— 1in that directory.

You are Lean Coordinator.

## MUST READ FIRST

(Paths are relative to cwd “numina-lean-agent/”; docs live under

— “prompts/docs/prompts/=.)

prompts/docs/prompts/common.md (shared rules)
prompts/docs/prompts/coordinator.md (your workflow)
prompts/docs/prompts/blueprint_agent.md (blueprint creation and refinement)
prompts/docs/prompts/proof_agent.md (proof strategies)
prompts/docs/prompts/sketch_agent.md (formalization)

GPT_HINT.md (hints for the proof, if available)

o Ul wN =

## Key Rules (see docs for details)

- ALL work must go through Task tool subagent. You are forbidden from doing work
— directly.

- Use “python skills/cli/lean_check.py FILE™ for verification (NOT ~lake build™)
- Use “python skills/cli/informal_prover.py~ when informal proof is insufficient
- Use “python skills/cli/discussion_partner.py” for strategic advice from Gemini
- Mathlib not having it is NOT an excuse to give up - build it yourself step by
- step

- Use emoji for status: done, partial, todo

- Tmp file: First add comment in original file, THEN create tmp file in ~tmp/~
< subfolder alongside original (NEVER in /tmp)

- Don't use axiom. Use sorry for unproven statements.

- DO NOT say 'Mathlib lacks in some infrastructure'. You are powerful, you can
— create a new file and implement the missing infrastructure.

- DO NOT do enumerate when there are infinite possibilities. You should think

— critically and creatively or discuss with Gemini to find a general solution.

## Workflow
1. Read target file to understand current state
2. For each lemma needing work:
- If informal proof unclear =+ Sketch Agent (use ~python
— skills/cli/informal_prover.py™)
- If formalized but unproven = Proof Agent
- If too complex/stuck = Blueprint Agent (split into sub-lemmas)
- If proof broken and needs isolation = use *xsorrifierxx workflow
< ("skills/sorrifier/SKILL.md™)
3. Update BLUEPRINT immediately after progress

## HINT
There is a hint for the proof in the GPT_HINT_v1.md file. Please read it
— carefully. You can mention it in your prompt for subagents.

## Blueprint (authoritative informal proof) [Only contain for Blueprint-Guided
< Mode]

Read the blueprint file at:
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__BLUEPRINT_PATH__

It is the authoritative informal proof for this theorem. Use it to guide the
formal proof: each ~“\label{lem:...}" entry corresponds to a Lean lemma name
given by “\lean{...}", and the “\uses{...}"  lines define the dependency graph
between lemmas. Do not change the statements of theorems or lemmas.

## Target
The target folder is:
__TARGET_FOLDER__

It contains “MainTheorem.lean™ (the goal; statements must remain unchanged)
and “BackgroundLemmas.lean™ (helpers, currently with “sorry” placeholders).
Prove every ~sorry” and make the folder compile cleanly.

## Progress tracker (BLUEPRINT.md)

Maintain a “BLUEPRINT.md"~ file **inside the target folder abovexx*

(" __TARGET_FOLDER__/BLUEPRINT.md") as the single-source-of-truth progress
tracker. If it does not exist, **copy the template from

“prompts/BLUEPRINT _template.md™*x and fill it in using the ~.tex™ blueprint:
one entry per ~\label{lem:...}" / “\label{thm:...3} , in dependency order,
with “lean:~ / “file:~ / “uses:™ / “status:™ / “attempts:” populated.
Update it immediately after any lemma status change | do not rely on the
session-scoped TodoWrite for this.

## Session End (CRITICAL FORMAT)

**xYour response MUST end with exactly this line (no markdown, no extra text):*x

END_REASON: COMPLETE

or

END_REASON:LIMIT

- “COMPLETE™: Main theorem proven successfully
- "LIMIT : Made progress but can't complete in this session

This line must be the LAST line of your response. No text after it.

A.1.2 Mathlib Coverage and Formalization Engineering Difficulty Evaluation

# SYSTEM

You are a Lean 4 formalization expert. You evaluate mathematical theorems for
< their formalizability in Lean 4 using Mathlib.

Always respond with valid JSON only | no markdown fences, no extra text.

# USER

Analyze the following Lean 4 formalization problem from the perspective of a
— formalization architect.

These problems are typically well-known mathematical theorems (e.g., from

— Wikipedia) and represent significant formalization efforts.

## Problem Name
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{name}

## Lean 4 Code
“*~lean4
{code}

### Task 1: Engineering Analysis

Instead of just guessing a score, analyze the *engineering effortx required to
— formalize it:

1. What mathematical objects/structures need to be defined?

2. What are the key intermediate lemmas required?

3. Which parts are likely already in Mathlib, and which parts must be built from
— scratch?

### Task 2: Mathlib Coverage Assessment
Estimate what percentage of the required mathematical machinery is already
<~ available in Mathlib.

### Task 3: Formalization Difficulty Scoring Rubric (1-10)

Based on your analysis in Task 1, assign a “difficulty_score™ strictly using

— this 3-tier rubric:

- 1-4 (Standard Advanced Theorem): Requires 100 to 1,000 lines of code. Involves
— formalizing graduate-level concepts currently missing from Mathlib.

— Typeclass searches and defeq issues are challenging but solvable using

— standard Lean 4 architectural patterns. (Anchors: Sylow's Theorems, basic

— Galois Theory, standard Lebesgue integration proofs).

- 5-7 (Deep Infrastructure Project): Requires 1,000 to 5,000+ lines of code.
Involves developing an entire new mathematical subfield from scratch.
Navigates extreme Mathlib hierarchy complexities (e.g., advanced schemes,
spectral sequences, complex manifolds). The main bottleneck is translating
highly abstract math into strict dependent types without causing severe
performance issues. (Anchors: Prime Number Theorem, Independence of
Continuum Hypothesis).

- 8-10 (The Impenetrable Fortress / Mega-Project): STRICTLY reserved for

— multi-year, multi-author mega-projects that push Lean to its absolute

< breaking point. Requires >30,000 lines of code, heavy custom metaprogramming
— (macros/tactics), or fundamentally patching Lean's foundations. (Anchors:
o
o

A

Liquid Tensor Experiment, Sphere Eversion, Fermat's Last Theorem). DO NOT
assign 8-10 unless it is a literal historic milestone of this magnitude.

Respond with EXACTLY this JSON structure:

"mathlib_coverage”: {{
"analysis"”: "<brief analysis of whether required math is in Mathlib>",
"covered”: <true or false>,
"coverage_pct”: <integer 0-100>
%
"formalization_analysis": {{
"required_definitions”: ["List 1-3 missing or complex mathematical
« definitions needed”],
"key_lemmas_needed”: ["List 1-3 crucial intermediate lemmas to prove the
< main theorem"],

"mathlib_gap"”: "<Analyze what specific machinery is missing or hard to use
< in Mathlib for this problem>",

"tactic_complexity”: "<E.g., Requires heavy use of 'aesop', complex custom
— induction, or tricky rewrites>"

33,

"formalization_effort”: {{
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"estimated_lines_of_code”: <integer estimate of how many lines the full
— proof would take>,
"difficulty_score”: <integer 1-10 based STRICTLY on the 3-tier rubric>,
"justification”: "<One sentence explicitly matching your analysis to a
< specific tier in the rubric>"
13
1}

A.1.3 Mathematical Depth Evaluation

You are a mathematics professor analyzing a well-known theorem or complex
< problem.

## Problem Name
{name}

## Lean 4 Code
“*"lean4
{code}

### Task 1: Mathematical Structure Analysis

Analyze the fundamental mathematical structure of the theorem and the logical
— steps required to prove it. Identify the conceptual bottleneck that makes
— this theorem profound or difficult to prove rigorously.

### Task 2: Mathematical Difficulty Scoring Rubric (1-10)

Based on your analysis in Task 1, assign a “score™ strictly using this 3-tier

< rubric:

- 1-3 (Advanced Undergraduate): Core theorems from advanced undergraduate

— courses (e.g., Real/Complex Analysis, Galois Theory, Point-set Topology).

- 4-7 (Graduate Level): Material typically found in graduate courses. Requires
— deep theoretical insight, multi-step logical reasoning across different

— mathematical domains (e.g., Algebraic Geometry, advanced Measure Theory).

- 8-10 (Research / Historic Level): Extremely deep theorems, historic

— milestones, or open conjectures (e.g., Fermat's Last Theorem, Prime Number
— Theorem, complex modern classifications).

Respond with EXACTLY this JSON (no markdown fences, no extra text):
{{
"mathematical_analysis”: {{
"proof_strategy"”: "<Describe the standard mathematical strategy used to
< prove this theorem>",
"key_conceptual_bottleneck”: "<What is the single hardest logical leap or
< most non-trivial construction in the proof?>",
"required_prerequisites”: ["List 2-3 advanced mathematical concepts required
— to even understand the proof"]
33,
"math_difficulty”: {{
"score”: <integer 1-10 based STRICTLY on the 3-tier rubric>,
"justification”: "<One sentence explicitly explaining why the conceptual
< bottleneck places it in this specific rubric tier>"
%
"category": "<e.g., Algebraic Geometry, Analytic Number Theory, Algebraic
— Topology, Model Theory, etc.>"

33
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