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Abstract

In this thesis we investigate what is the probability that a randomly chosen finite
algebra has a certain property. To this end we use concepts from universal algebra
as well as combinatorics and probability theory. We give an overview about what
was already done in this research area and present some new results.
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Zusammenfassung

In dieser Arbeit beschäftigen wir uns mit der Frage wie wahrscheinlich es ist,
dass eine zufällig ausgewählte endliche Algebra eine gewisse Eigenschaft besitzt.
Dafür verwenden wir sowohl Konzepte aus der universellen Algebra als auch Kom-
binatorik und Wahrscheinlichkeitstheorie. Wir geben einen Überblick über dieses
Forschungsgebiet und präsentieren neue Resultate.
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Chapter 1

Preliminaries

Throughout this thesis we will report on well known results concerning probability
in universal algebra, presenting and commenting the proofs given in the literature.
In this context, verbatim quotes will be identified as such by indentation and
using a smaller font. Often own comments and further explanations are inserted
in between.

1.1 Relational structures vs. universal algebras

1.1.1 Relational structures

Definition 1.1.1. A relational structure is an ordered pair ⟨A,R⟩, where A is a
nonempty set and R is a family of finitary relations on A indexed by a set R of
relation symbols.

In this setting, the following zero-one law was established by R. Fagin. For a finite
set of (nonlogical) predicate symbols S , we call a relational structure appropriate
for S a S -structure. The set of S -structures with universe {1, . . . , n} is denoted
by An. In [Fag76], R. Fagin showed that for any first order S -sentence σ the
fraction µn(σ) of members of An for which σ is true tends to either 0 or 1 and
that the convergence is geometrically fast.

1.1.2 Universal algebras

Definition 1.1.2 ([BS81, Def. II.1.1]). For a nonempty set A and a nonnegative
integer n we define A0 = {∅} and for n > 0, An is the set of n-tuples of elements
from A. An n-ary operation (or function) on A is a function f from An → A; n
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is the arity (or rank) of f . The image of ⟨a1, . . . , an⟩ under an n-ary function f

is denoted by f(a1, . . . , an). An operation f on A is called a nullary operation
(or constant) if its arity is zero; it is completely determined by the image f(∅)
in A of the only element ∅ in A0, and as such it is convenient to identify it with
the element f(∅). Thus a nullary operation is thought of as an element of A. An
operation f on A is unary, binary, or ternary if its arity is 1, 2, or 3 respectively.

Definition 1.1.3 ([BS81, Def. II.1.2]). A language (or type) of algebras is a set
F of function symbols such that a nonnegative integer is assigned to each member
of F . This integer is called the arity (or rank) of f , and f is said to be an n-ary
function symbol.

Definition 1.1.4 ([BS81, Def. II.1.3]). If F is a language of algebras then an
algebra A of type F is an ordered pair ⟨A,F ⟩ where A is a nonempty set and
F is a family of finitary operations on A indexed by the language F such that
corresponding to each n-ary function symbol f in F there is an n-ary operation
fA on A. The set A is called the universe of A = ⟨A,F ⟩, and the fA’s are called
the fundamental operations of A (in paratice we often just write f for fA). If F
is finite, say F = {A, f1, . . . , fk}, we often write ⟨A, f1, . . . , fk⟩ for ⟨A,F ⟩, usually
adopting the convention:

arity f1 ≥ arity f2 ≥ · · · ≥ arity fk.

A is a groupoid if it has just one binary operation, usually denoted · or +. An
algebra A is finite if |A| is finite, and trivial if |A| = 1.

1.2 Important properties of algebras and how they
are related

In this section, we introduce some properties of great interest in universal algebra,
which we are going to study in the next chapters. We presume knowledge of the
elementary concepts from universal algebra (terms, congruences, varieties, etc.)
given in [BS81].

Definition 1.2.1. A finite algebra A is called

• primal if and only if its clone contains all finitary operations on A.

• idemprimal if and only if its clone contains all idempotent operations on A.
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• quasiprimal if the ternary discriminator function t(x, y, z) defined as

t(x, y, z) :=

{
z if x = y,

x if x ̸= y.

is a term function of A.

• subalgebra-primal if and only if Clo(A) = F(Sub(A)), where F(Sub(A))

denotes the set of operations preserving every subuniverse of A.

• simple if and and only if it has no nontrivial congruence relations.

• rigid if and only if its automorphism group is trivial.

Theorem 1.2.2 ([Ber12, Thm. 6.10]). Let A be a finite algebra. The following
are equivalent.

1. A is quasiprimal;

2. every subalgebra of A is simple or trivial, and V (A) is arithmetical;

3. Clo(A) = F(Iso(A)), where F(Iso(A)) is the set of operations preserving
all internal isomorphisms1 of A.

Corollary 1.2.3 ([Ber12, Cor. 6.12]). Let A be a finite algebra. Then A is
subalgebra-primal if and only if A is quasiprimal, distinct proper subalgebras of
A are nonisomorphic, and no subalgebra of A has a nontrivial automorphism.

Theorem 1.2.4. Let A be a finite algebra. Then the following are equivalent.

1. A is idemprimal;

2. A is simple, rigid, has no proper, nontrivial subalgebras, and generates an
arithmetical variety;

3. Clo(A) = F(Sub1(A)).

Proof: (1)⇒(2): Let A be idemprimal. Since Clo(A) contains every idempotent
operation on A, it also has a Pixley term (i.e. a term that satisfies p(x, y, x) ≈
p(x, y, y) ≈ p(y, y, x) ≈ x) and hence V (A) is arithmetical.
Let θ be a congruence on A such that θ ̸= ∆A. Hence we find a ̸= b such
that aθb. Clearly, since A is idemprimal it is also quasiprimal. But then for an
arbitrary c ∈ A, we have a = tA(a, b, c)θtA(a, a, c) = c and hence θ is the universal
congruence ∇A.

1see [Ber12], S.173
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Let B be a proper, nontrivial subalgebra of A. Then we can find distinct a, b, c ∈
A such that b, c ∈ B and a /∈ B. Consider the operation f : A2 → A;

f(x, y) :=

{
x if x = y,

a if x ̸= y.

Since f is idempotent, f ∈ Clo(A). But f does not preserve B, since f(b, c) = a.
Assume there is a nontrivial automorphism ϕ of A. Then we can find a, b, c, d ∈ A

with a ̸= b, a ̸= c, c ̸= d, d ̸= b such that ϕ(a) = b and ϕ(c) = d. Let g : A2 → A;

g(x, y) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x if x = y,

a if x = a, x ̸= y,

d if y = d, x ̸= y, x ̸= a,

y otherwise.

Again g ∈ Clo(A) but ϕ(g(a, c)) = ϕ(a) = b ̸= d = g(b, d) = g(ϕ(a), ϕ(c)).
(2)⇒(3): Since A is simple, has no proper, nontrivial subalgebras, and generates
an arithmetical variety, condition (2) from Theorem 1.2.2 is fulfilled. Thus A is
quasiprimal. Since A is also rigid, Corollary 1.2.3 yields that A is subalgebra-
primal. Thus Clo(A) = F(Sub(A)) = F(Sub1(A)), since A has only trivial
subalgebras.
(3)⇒(1): Let f be an idempotent function. Then f preserves every trivial sub-
algebra of A and hence is contained in Clo(A).

1.3 The probability measure

In this section, we construct a finitely additive probability measure on the set of
properties of finite algebras.

Definition 1.3.1. Let Ω be a set. A nonempty subset Σ of P(Ω) is called an
algebra of sets if the following conditions hold:

1. A,B ∈ Σ ⇒ A ∪B ∈ Σ.

2. A ∈ Σ ⇒ Ac ∈ Σ.

Definition 1.3.2. A finitely additive probability measure µ on a set Ω with an
algebra Σ is a function from Σ to [0, 1] satisfying:

1. µ(Ω) = 1,
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2. For all finite collections of pairwise disjoint sets {Ai}ni=1 from Σ,
µ(
⋃n

i=1Ai) =
∑n

i=1 µ(Ai).

For a given finite type ρ (i.e., a type ρ consisting of finitely many operation
symbols) and n ∈ N, we let Algρ,n be the set of algebras of type ρ with universe
{1, . . . , n} and define Algρ =

⋃
n∈N Algρ,n. A property Π of finite algebras of type

ρ can be simply seen as a subset of Algρ (i.e. a set of operation tables). Now
let Ω = Algρ and Σ = P(Algρ). Clearly (Ω,Σ) is an algebra of sets. Define a
function Pr : Σ → [0, 1] by

Pr(Π;Algρ) = lim
n→∞

Pr(Π;Algρ,n), where

Pr(Π,Algρ,n) :=
|{A∈Algρ,n:A⊨Π}|

|Algρ,n|
=

|Π∩Algρ,n |
|Algρ,n |

if this limit exists; Pr(Π;Algρ) is undefined otherwise.
We show that Pr is a finitely additive probability measure. Let Ω be the universal
property, i.e. Ω = Algρ. Then

Pr(Ω,Algρ,n) = lim
n→∞

|Algρ,n |
|Algρ,n | = lim

n→∞
1 = 1.

Now let Π1 and Π2 be two disjoint properties (i.e. disjoint subsets of Algρ) such
that the above limit exists for both Π1 and Π2. Then

Pr(Π1 ∪ Π2,Algρ,n) = lim
n→∞

|(Π1∪Π2)∩Algρ,n |
|Algρ,n | = lim

n→∞

|(Π1∩Algρ,n)∪(Π2∩Algρ,n)|
|Algρ,n | =

lim
n→∞

|Π1∩Algρ,n |
|Algρ,n | +

|Π2∩Algρ,n |
|Algρ,n | =

lim
n→∞

|Π1∩Algρ,n |
|Algρ,n | + lim

n→∞

|Π2∩Algρ,n |
|Algρ,n | = Pr(Π1,Algρ,n) + Pr(Π2,Algρ,n).

Thus we will denote the probability that a randomly chosen finite algebra of type
ρ has property Π by Pr(Π;Algρ) or simply Prρ(Π).
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Chapter 2

How rare are primal algebras?

The property of primality defined in the previous section is quite strong and so
one might suppose that primal algebras are rather rare. However, by a result
of V.L. Murskii from 1975 we know that primal algebras are not unusual at
all. In [Mur75] he proved that with a mild assumption on the similarity type
ρ, almost every algebra of type ρ is primal. In 1979, R.O. Davies showed that
the probability that a finite groupoid is primal is 1/e when he investigated so
called Sheffer functions. In this section we will mainly present the proofs of the
above facts given in [Ber12], only adding some details and further explanations.
Verbatim quotes from the literature will be identified as such by indentation and
using a smaller font. The theorem we are going to prove states the following.

Theorem 2.0.1 ([Ber12, Thm. 6.17]). Let ρ be a similarity type containing a
single k-ary operation symbol with k > 1. Let I be the property of being an
idemprimal algebra and P be the property of being a primal algebra. Then

1. Prρ(P ) = 1/e;

2. Prρ(I) = 1.

If ρ contains at least two operation symbols, at least one of which is nonunary,
then Prρ(P ) = 1

Theorem 2.0.1 (1) is due to R.O. Davies [Dav79]. The remainder of the theorem is
due to V.L. Murskii [Mur75]. The proofs in [Ber12] follow unpublished treatments
by R. Quackenbush and R. McKenzie.

The proof of the theorem is based on the fact that an algebra is primal if and only
if it is idemprimal and has no proper subalgebras (Theorem 1.2.4). Therefore, we
will start our analysis investigating the latter two properties. As we will see, the
entire theorem follows easily once we have proved part (2) in the case k = 2.
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2.1 The fraction of algebras without trivial subal-
gebras

Theorem 2.1.1 ([Ber12, Thm. 6.16]). Let E be the property that an algebra has
no trivial subalgebras

1. Let ρ be a similarity type containing a single k-ary operation symbol with
k > 1. Then Prρ[E] = 1/e ≈ 0.368.

2. If ρ contains at least two operation symbols, at least one of which is at least
binary, then Prρ[E] = 1.

Proof: Let ρ = ⟨k⟩ and f be the k-ary operation. The operation is uniquely
specified by its Cayley table. Since there are nk spaces in the table, and there are
n choices for each space, we see that |Algρ,n | = nnk . Now, in order for the algebra
to have no trivial subalgebras, we must have f(i, . . . , i) ̸= i for all i ∈ A. This
means that each diagonal entry of the Cayley table has only n−1 choices instead
of n. Since there are n diagonal entries, we obtain Algρ,n[E] = nnk−n(n − 1)n.
Therefore

Pr(E) = lim
n→∞

nnk−n(n−1)n

nnk = lim
n→∞

(n−1
n
)n = 1

e
.

For the second statement of the theorem, let us assume that ρ = ⟨2, 1⟩. A more
general similarity type follows the same argument but the notation is more dif-
ficult. Call the unary operation symbol f . Its operation table is a sequence of
length n. Arguing as above, the total number of spaces in the two tables is n2+n,
so |Algρ,n | = nn2+n. Now, in order to have no 1-element subalgebras, we must
have either j · j ̸= j or f(j) ̸= j for every j ∈ A. There are n pairs (j · j, f(j)),
j = 1, 2, . . . , n and for each pair, there are n2 − 1 ways of filling it in. Thus
|Algρ,n[E]| = (n2 − 1)n · nn2−n. Consequently

Prρ(E) = lim
n→∞

(n2−1)n·nn2−n

nn2+n
= lim

n→∞
(n−1

n · n+1
n )n = 1

e · e = 1. [Ber12, p. 179]

2.2 An equivalent characterization of idemprimal
algebras

Definition 2.2.1 ([Ber12]). Let A be a finite set, m > 1 and denote by q1, . . . , qm
the projection maps from Am to A. Let us define a subset B of Am to be reduced
if

1. ∀i ≤ m : |q⃗i(B)| > 1 and
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2. ∀i ̸= j : qi ↾B ̸= qj ↾B.

Note that Bergman writes q⃗i(B) for the image of a subset B of Am under the ith
projection map.

Lemma 2.2.2 ([Ber12, Lem. 6.18]). Let A be a finite algebra. A is idemprimal
if and only if for every m ≥ 1, Am has no proper, reduced subalgebra.

Proof:

Suppose that A is idemprimal and B is a reduced subalgebra of Am. We want to
show B = Am. Let qi be the ith projection map and ηi = ker(qi), for i ≤ m. For
every i, q⃗i(B) is a subalgebra of A, and nontrivial since B is reduced. [Ber12, p.
180]

Since A is idemprimal, Theorem 1.2.4 yields that A is simple and has no proper,
nontrivial subalgebras, implying q⃗i(B) = A.

Since B/ηi ∼= q⃗i(B) it follows that ηi is a maximal proper congruence of B.
[Ber12, p. 180]

This follows from [BS81, Thm. 8.9], which states that for an algebra A and
θ ∈ ConA, A/θ is a simple algebra if and only if θ is a maximal congruence on
A or θ = ∇. If in our case ηi = ker(qi) = ∇, then |q⃗i(B)| = 1 in contradiction to
the assumption that B is reduced.

Suppose that for some i ̸= j we have ηi = ηj . Then there is an isomorphism
f : A → A such that f ◦ qi = qj . [Ber12, p. 181]

To see this, define f : q⃗i(B) → q⃗j(B); f(qi(b)) = qj(b). Since ηi = ηj, we have

qi(b1) = qi(b2) ⇔ (b1, b2) ∈ ker(qi) ⇔ (b1, b2) ∈ ker(qj) ⇔ qj(b1) = qj(b2)

implying that f is well defined and injectiv. Since q⃗j(B) = A = q⃗j(B), f is a
surjective mapping from A to A. Since qi and qj are homomorphisms from B to
A we have

f(g(qi(b))) = f(qi(g(b))) = qj(g(b)) = g(qj(b)) = g(f(qi(b))).

Thus f : A → A is an isomorphism with f ◦ qi = qj. But since A is rigid by
Theorem 1.2.4, f must be the identity map.

Consequently qi = qj which contradicts the fact that B is reduced. Thus the ηi’s
are pairwise distinct, and since they are maximal, ηi ∨ ηj = 1B whenever i ̸= j.
[Ber12, p. 181]
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Theorem 1.2.4 yields that A generates an arithmetical variety. Thus

ηi ◦
⋂
j ̸=i

ηj = ηi ∨
⋂
j ̸=i

ηj =
⋂
j ̸=i

(ηi ∨ ηj) = 1

and
⋂m

i=1 ηi = 0B . Therefore B ∼= Am. [Ber12, p. 181]

The last implication is an immediate consequence of [BS81, Thm. 7.5].

Now, for the converse suppose that A is not idemprimal. Then by Theorem 1.2.4
there is an operation f with f ∈ F(Sub1(A))− Clo(A).

Let n = rank f . Recall that Clon(A) is a subalgebra of A(An) ([Ber12, Thm.
4.9]). Because it omits f , it is a proper subalgebra. Unfortunately it is not quite
reduced, so we have to throw away several coordinates. Let us define

I = An − {(u, u, . . . , u) : {u} ∈ Sub1(A)}
B = {g ↾I : g ∈ Clon(A)}.

Then B ≤ AI . We claim that f ↾I /∈ B. To see this, observe that if f ↾I= g ↾I
for some g ∈ Clon(A), then, since g(u, u, . . . , u) = u for each {u} ∈ Sub1(A),
f = g ∈ Clo(A) which is false. Thus B is a proper subalgebra of AI . We show it
is reduced. Keep in mind that the "coordinates" of a member of B are the elements
of I, which are n-tuples from A. For the second condition, suppose that x and y

are distinct elements of I. Then for some j ≤ n, xj ̸= yj . Let pnj ∈ Clon(A) be the
projection operation. Thus qx(p

n
j ) = pnj (x) = xj ̸= yj = qy(p

n
j ). So condition (2)

holds. Finally suppose that for some x ∈ I, qx(B) = {u}. Since for every j ≤ n,
xj = qx(p

n
j ), we must have that x = {u, u, . . . , u}. Since B is an algebra, u must

be an idempotent of A, contradicting the fact that x ∈ I. [Ber12, p. 181]

2.3 The fraction of idemprimal binars

In order to prove theorem, we divide the set of nonidemprimal binars into 10

subsets and prove that the probability that each each one occurs is 0. In the next
lemma, X and Y range over arbitrary subsets of A, a, b, c over elements of A and
α, β over permutations of A.

Lemma 2.3.1 ([Ber12, Lem. 6.19]). Let A = ⟨A, ·⟩ be a binar of cardinality n.
If A is not idemprimal, then (at least) one of the following conditions must hold.

1. ∃X(2 ≤ |X| ≤ n− 1&X ·X ⊆ X);

2. ∃X(3 ≤ |X| ≤ n− 1& |X ·X| ≤ |X|);

3. ∃X(|X| = 2& |X ·X| = 1);

4. ∃X, Y (|X| = |Y | = 2&X ·X = Y & |Y · Y | = 2)
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5. A · A ̸= A;

6. ∃a, b(a ̸= b& a · a = a · b = b · a = a);

7. ∃X(1 ≤ |X · A| ≤ |X| ≤ n− 1);

8. ∃X(1 ≤ |A ·X| ≤ |X| ≤ n− 1);

9. ∃a, b(a ̸= b&(∀c)(a · c = b · c));

10. ∃α, β(α ̸= β&(∀a, b)(α(a) · α(b) = β(a · b))).

Proof:

Assume that ⟨A, ·⟩ is not idemprimal. Then by Lemma 2.2.2, for some m > 0, Am

has a proper reduced subalgebra B. Choose B so as to minimize m. Since the
projection of B onto any m−1 coordinates will still be reduced, by the minimality
of m, these projections must all be isomorphic to Am−1. Suppose m = 1. Then
B is a proper nontrivial subalgebra of A, so (1) holds. So from now on assume
that m > 1. For every a = ⟨a1, a2, . . . , am−1⟩ in Am−1 let

B(a) = {b ∈ A : ⟨a1, a2, . . . , am−1, b⟩ ∈ B}.

Note that

B(a) ·B(a′) ⊆ B(a · a′). (2.3.1)

Also, for every a ∈ Am−1, B(a) ̸= ∅ since B projects onto Am−1. Finally, let
k = max{|B(a)| : a ∈ Am−1}. Let a give rise to the maximum value of k. The
argument breaks into cases depending on the value of k.

Case 1. 3 ≤ k ≤ n− 1. Then X = B(a) satisfies (2) since B(a) ·B(a) ⊆ B(a · a)
by (2.3.1).

Case 2. k = 2. Let X = B(a) and let Y = X ·X. Note that |Y | ≤ |X| = 2. If
|Y | = 1 or |Y · Y | = 1 then (3) holds. Otherwise, |Y · Y | = 2, so (4) holds.

Case 3. k = n. Let C = {c ∈ Am−1 : B(c) = A}. By assumption, C is nonempty.
If C = Am−1 then B = Am which is false. So C is a proper nonempty subset of
Am−1. If A · A ̸= A then (5) holds. So assume A · A = A. It follows that C is
a subuniverse of Am−1. For suppose that c, c′ ∈ C. For any x ∈ A there are b,
b′ ∈ A such that x = b · b′ (since A ·A = A). Thus

⟨c1 · c′1, c2 · c′2, . . . , cm−1 . . . c
′
m−1⟩ =

⟨c1, c2, . . . , cm−1, b⟩ · ⟨c′1, c′2, . . . , c′m−1, b
′⟩ ∈ B ·B = B

From the previous two paragraphs we conclude that C is a proper subalgebra of
Am−1. By the minimality of m, C is not reduced. One of the two conditions in
the definition of reduced must fail. Suppose first that condition (1) fails, i.e., for
some i ≤ m− 1 we have q⃗i(C) = {a}. Note that since C is a subuniverse, a must
be an idempotent element. Choose b ∈ Am−1 with bi ̸= a and B(b) as large as
possible. If a · bi = bi · a = a then (6) holds. On the other hand, if bi · a ̸= a then
(7) holds and if a · bi ̸= a then (8) holds. To see this, assume that bi · a ̸= a and
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let X = B(b). Since bi ̸= a, b /∈ C, so B(b) ̸= A, and therefore |X| < n. Also,
X ·A = B(b) ·B(a) ⊆ B(b ·a). By assumption, bi ·a ̸= a, so b ·a /∈ C. Therefore,
by the maximality of b, |X · A| ≤ |B(b · a)| ≤ |B(b)| = |X|. This is (7). The
argument for (8) is dual. Now assume that C satisfies condition (1) but fails to
be reduced because of condition (2). Thus, there are i ̸= j such that for all c ∈ C,
ci = cj . Since C satisfies condition (1), |q⃗i(C)| > 1. If |q⃗i(C)| < n then (1) holds
(C is a subuniverse of Am−1 so X = q⃗i(C) is a subuniverse of A). So we assume
that q⃗i(C) = q⃗j(C) = A. Pick u ∈ Am−1 with ui ̸= uj and |B(u)| as large as
possible. Let a = ui and b = uj . If (9) fails, there is c ∈ A with a · c ̸= b · c. Pick
x ∈ C with xi = c. Then xj = c as well. Now v = u ·x has vi = a · c ̸= b · c = vj .
And therefore

1 ≤ |B(u) ·B(x)| ≤ |B(u · x)| = |B(v)| ≤ |B(u)|,

the last inequality following from the maximality of u. Therefore (7) holds with
X = B(u) and A = B(x).

Case 4. k = 1. Let B′ be the result of transposing the last two coordinates of each
element of B. If any of cases 1-3 apply to B′, we are done. So we may assume
that for all a ∈ Am−1, |B′(a)| = |B(a)| = 1. Put more explicitly

(∀a1, a2, . . . , am−1)(∃!b)⟨a1, a2, . . . , am−1, b⟩ ∈ B (2.3.2)

and for this b we have

⟨a1, a2, . . . , am−2, b, am−1⟩ ∈ B′ (2.3.3)

Fix c = ⟨c1, c2, . . . , cm−2⟩ ∈ Am−2. Because of (2.3.2), there is a map fc : A → A

such that for every x, ⟨c1, . . . , cm−2, x, fc(x)⟩ ∈ B. (2.3.3) says that fc is injective.
Therefore by the finiteness of A, fc is a permutation. Recall that B is reduced.
Thus qm−1 ↾B ̸= qm ↾B . Therefore there is ⟨u1, u2, . . . , um⟩ ∈ B with um−1 ̸= um.
Let u = ⟨u1, . . . , um−2⟩. Then fu is not the identity. Let y = u · u, α = fu, and
β = fy. Then for every a, b ∈ A, ⟨u, a, α(a)⟩ ∈ B and ⟨u, b, α(b)⟩ ∈ B, so (since B

is a subuniverse) ⟨y, a · b, α(a) · α(b)⟩ ∈ B. From this last relationship we obtain
β(a · b) = α(a) · α(b), so (10) holds. [Ber12, pp. 182, 183]

Lemma 2.3.2 ([Ber12, Lem. 6.20]). For c = 1, . . . , 10, the probability that a
random binar satisfies condition (c) and not condition (2) of Lemma 2.3.1 is 0.

Proof:

Suppose that A satisfies (1) but not (2). Then for some subset X

(2 ≤ |X| ≤ n− 1&X ·X ⊆ X) but not

(3 ≤ |X| ≤ n− 1& |X ·X| ≤ |X|).

Thus X must be a two-element subuniverse of A. There are 16 possible Cayley
tables for each X. We compute

|Algn[cond. (1) not (2)]|
|Algn |

≤
(
n
2

)
· 16 · nn2−4

nn2 =
8n(n− 1)

n4
→ 0.

[Ber12, pp. 184, 185]
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Clearly the probability that A satisfies condition (2) but not condition (2) is 0.

Suppose that A satisfies condition (3). There are
(
n
2

)
ways to choose X but all 4

entries x · y where x, y ∈ X in the Cayley table have to be equal. Therefore

|Algn[cond. (3)]|
|Algn |

≤
(
n
2

)
· n · nn2−4

nn2 =
n2(n− 1)

2n4
→ 0.

Suppose that A satisfies condition (4). We consider the case that X and Y are
distinct. In case that X and Y are not distinct, the reasoning follows similar
arguments. There are

(
n
2

)
choices for the sets X, Y and Y · Y whereas X ·X is

determined by Y . Therefore

|Algn[cond. (4)]|
|Algn |

≤
(
n
2

)
·
(
n
2

)
·
(
n
2

)
· 24 · 24 · nn2−8

nn2 ≤ 32n6

n8
=

32

n2
→ 0.

If A satisfies (5) but not (2) then n ≤ 3, since otherwise we may choose a ∈ A−A·A
and take X = A− {a} in condition (2). [Ber12, pp. 184, 185]

Suppose that A satisfies condition (6). There are
(
n
2

)
ways to choose a and b but

the entries of a · a, a · b and b · a in the Cayley table are determined by a. Thus

|Algn[cond. (6)]|
|Algn |

≤
(
n
2

)
· nn2−3

nn2 =
n(n− 1)

2n3
→ 0.

Suppose A satisfies condition (7) but not condition (2). Then

(∃X)(1 ≤ |X ·A| ≤ |X| ≤ n− 1) but not

(∃X)(3 ≤ |X| ≤ n− 1& |X ·X| ≤ |X|).

So the X that satisfies the first condition must have cardinality at most 2, and so
must X · A. Thus there are

(
n
2

)
< n2 choices for each of those two sets. If a ∈ X

then the a-row of the Cayley table contains only two distinct values. There are
2n choices for such a row. Therefore

|Algn[cond. (7) not (2)]|
|Algn |

≤ n2 · n2 · 2n · 2n · nn2−2n

nn2 =
4n

n2n−4
=

( 4

n

)n

· 1

nn−4
→ 0.

Of course (8) is dual to (7).

Now assume that A satisfies (9). Thus there are a, b ∈ A such that for all c ∈
A, a · c = b · c. This means the a-row and the b-row are equal. Then

|Algn[cond. (9)]|
|Algn |

=

(
n
2

)
· nn2−n

nn2 ≤ n2

2nn
→ 0.

Finally suppose that A satisfies condition (10) of Lemma 2.3.1. Since α is not the
identity, there are a, b ∈ A with α(b) = a and a ̸= b. Then for all x ∈ A

a · x = α(b) · α(y) = β(b · y)
x · a = α(y) · α(b) = β(y · b)

12



with y = α−1(x). This means that in the Caley table, the row for a is completely
determined by the row for b, and similarly for the column of a. Actually, there is
one possible exception. If α(a) = b then b · a = β(a · b). In this case one of the
entries in the a-column is not determined by the b-column. There are n! choices
for each of α and β. Note that n! = 2 · (3 · 4 . . . n) ≤ 2 · nn−2. There are at most
(n−1)2+1 free (i.e. undetermined) squares in the Caley table. Thus we compute

|Algn[cond. (10)]|
|Algn |

≤ (n!)2 · n(n−1)2+1

nn2 ≤ 4 · n2n−4 · nn2−2n+2

nn2 =
4

n2
→ 0.

[Ber12, pp. 184, 185]

Lemma 2.3.3 ([Ber12, Lem. 6.21, 6.22]). The probability that a random finite
binar satisfies condition (2) from Lemma 2.3.1 is 0.

Proof: Condition (2) is equivalent to the assertion

(∃X,Y ⊆ A)(3 ≤ |X| = |Y | ≤ n− 1&X ·X ⊆ Y ).

Let |A| = n, X,Y ⊆ A, |X| = |Y | = k with 3 ≤ k ≤ n−1. What is the probability
that X ·X ⊆ Y ? There are k2 positions in the Cayley table for the products that
make up X ·X and the probability that each falls into Y is k/n. Thus the desired
probability is (k/n)k

2

. [Ber12, p. 185]

Since there are
(
n
k

)
choices for each of X and Y , the probability that a random

binar of cardinality n satisfies condition (2) is at most
∑n−1

k=3

(
n
k

)2 · ( k
n
)k

2 . This
expression now can be shown to converge to 0 as n → ∞ using Stirling’s formula
(cf. [Ber12, Lem. 6.22]).

Combining the previous Lemmata, we obtain

Theorem 2.3.4 ([Ber12, Thm. 6.23]). The probability that a random finite binar
is idemprimal is 1.

2.4 The fraction of idemprimal and primal alge-
bras

Proof of Theorem 2.0.1: It follows from Theorem 1.2.4 that a finite algebra is
primal iff it is idemprimal and has no trivial subalgebras.

If we view the properties P , E and I as subsets of Algρ, this means P = E ∩ I.
Let Ī denote the complement of the set I.
Now let ρ = ⟨k⟩ with k > 2 and let A = ⟨A, f⟩ be a finite algebra of type ρ.
Define x · y = f(x, y, y, . . . , y) and A0 = ⟨A, ·⟩. Then Clo(A0) ⊆ Clo(A). Since
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with probability 1, a randomly chosen A0 is idemprimal (i.e. Clo(A0) contains
every idempotent operation on A), the same is true for a random A. This proves
2.0.1(2).
Since by Theorem 2.1.1(1) Prρ(E) = 1/e and E = (E ∩ I)∪̇(E ∩ Ī) = P ∪̇(E ∩ Ī),
we obtain

1/e = Pr(P ) + Pr(E ∩ Ī) = Pr(P )

since E ∩ Ī ⊆ Ī, which occurs with probability 0 by the previous paragraph.
Finally, if the similarity type contains at least one more operation symbol, then
1/e can be replaced with 1 according to Theorem 2.1.1(2). [Ber12, p. 188]
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Chapter 3

On the fraction of simple algebras

In this section we investigate the rate of convergence of the fraction of simple
algebras. Clearly, since every idemprimal algebra is simple, the fraction of simple
algebras is bounded from below by the fraction of idemprimal algebras. We will
consider the convergence rate of the limit given in section 1.3. Denote by S the
property of being simple. For a type containing at least one operation symbol
of arity > 1, if we extract a bound from Murskii’s proof, we obtain f(n) with
P (S,Algρ,n) ≥ f(n), where limn→∞ = 1 but f(n) ≤ 1−4/n2 for all n ∈ N [Ber12,
Theorem 6.17]. In the case where there is at least one operation symbol of arity
≥ 3, we provide a lower bound with faster convergence to 1.

Theorem 3.0.1. Let k ≥ 3, and let ρ be a finite type that contains at least one
operation symbol of arity k. Then

P (S,Algρ,n) ≥ 1− exp(−nk−1 + 2nk−2 + n ln(n)).

We note that this implies that for k ≥ 3, we have P (S,Algρ) = 1.

3.1 Preliminariy inequalities

In this section we provide the inequalities that we will need in the proof of The-
orem 2.0.1.

Lemma 3.1.1. Let n ∈ N, n > 1 and define

fn := (1 + 1
n
)n, gn := (1 + 1

n
)n+1, hn := (1− 1

n
)n, in := (1− 1

n
)n−2.

Then (fn)n∈N is an increasing sequence converging to e, (gn)n∈N is a decreasing
sequence converging to e, (hn)n∈N is an increasing sequence converging to 1/e and
(in)n∈N is a decreasing sequence converging to 1/e.
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Proof: It is a well known fact that the (fn)n∈N and (gn)n∈N are converging to e

while (hn)n∈N and (in)n∈N are converging to 1/e.

We show that (fn)n∈N is increasing using Bernoulli’s inequality:

fn+1

fn
=

(1+ 1
n+1

)n+1

(1+ 1
n
)n

= n+2
n+1

(n(n+2)
(n+1)2

)n = n+2
n+1

(1− 1
(n+1)2

)n ≥ n+2
n+1

(1− n
(n+1)2

) =

(n+2)(n2+n+1)
(n+1)3

= n3+3n2+3n+2
n3+3n2+3n+1

> 1

We show that (gn)n∈N is decreasing:

gn
gn+1

=
(1+ 1

n
)n+1

(1+ 1
n+1

)n+2 = ( (n+1)2

n(n+2)
)n+1 1

1+ 1
n+1

= (1 + 1
n2+2n

)n+1 1
1+ 1

n+1

> 1

The above inequality holds since, using Bernoulli’s inequality, we have

(1 + 1
n2+2n

)n+1 ≥ 1 + n+1
n2+2n

> 1 + n+1
(n+1)2

= 1 + 1
n+1

.

We show that (hn)n∈N is increasing:

hn+1

hn
=

(1− 1
n+1

)n+1

(1− 1
n
)n

=
( n
n+1

)n+1

(n−1
n

)n
=

n(1− 1
n )+1

n+1

((1− 1
n
)n·1)

1
n+1

> 1

Here we have used the inequality of arithmetic and geometric means.

It remains to show that (in)n∈N is decreasing:

in
in+1

=
(1− 1

n
)n−2

(1− 1
n+1

)n−1 =
(n−1

n
)n−2

( n
n+1

)n−1 = n+1
n
(n

2−1
n2 )n−2 = n+1

n
(1− 1

n2 )
n−2 ≥ n+1

n
(1− n−2

n2 ) =

n+1
n

n2−n+2
n2 = n3+n+2

n3 > 1

Here we have again used Bernoulli’s inequality.

Lemma 3.1.2. For n ∈ N, let fn := (n
e
+1)

n
e nn−n

e
−1(n− 1)2−n. Then (fn)n≥7 is

decreasing.

Proof: We want to show that for n ≥ 7, fn ≥ fn+1, i.e.:

(n
e
+ 1)

n
e nn−n

e
−1(n− 1)2−n ≥ (n+1

e
+ 1)

n+1
e (n+ 1)n−

n+1
e n1−n

or equivalently

(n
e
+ 1)

n
e

(n+1
e

+ 1)
n+1
e

· nn−n
e
−1

(n+ 1)n−
n+1
e

· (n− 1)2−n

n1−n
≥ 1.

We can find a lower bound for the first factor, since
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(n
e
+1)

n
e

(n+1
e

+1)
n+1
e

=
(n
e
+1)

n
e

(n+1
e

+1)
n
e (n+1

e
+1)

1
e
= (n+1

e
+ 1)−

1
e (

n
e
+1+ 1

e
n
e
+1

)−
n
e =

(n+1
e

+ 1)−
1
e (1 + 1

e(n
e
+1)

)−
n
e ≥ (n+1

e
+ 1)−

1
e (1 + 1

n
)−

n
e .

For the second factor we have

nn−n
e −1

(n+1)n−n+1
e

= n−1nn−n
e

(n+1)−
1
e (n+1)n−n

e
= n−1(n+ 1)

1
e ( n

n+1
)n−

n
e =

n−1(n+ 1)
1
e (1 + 1

n
)−n(1 + 1

n
)
n
e ≥ n−1(n+ 1)

1
e
1
e
(1 + 1

n
)
n
e .

And for the third factor we get

(n−1)2−n

n1−n = n(n−1
n
)2−n = n 1

(1− 1
n
)n−2 ≥ n 1

(1− 1
7
)5

= (7
6
)5n,

since (1− 1
n
)n−2 is decreasing and n ≥ 7.

Thus for the product we have

(n
e
+1)

n
e

(n+1
e

+1)
n+1
e

· nn−n
e −1

(n+1)n−n+1
e

· (n−1)2−n

n1−n ≥

(n+1
e

+1)−
1
e (1+ 1

n
)−

n
e ·n−1(n+1)

1
e
1
e
(1+ 1

n
)
n
e · (7

6
)5n = (7

6
)5 1

e
(n+1)

1
e (n+1

e
+1)−

1
e =

(7
6
)5 1

e
( n+1

n+1
e

+1
)
1
e = (7

6
)5 1

e
( e(n+1)
(n+1)+e

)
1
e = (7

6
)5 1

e
e1/e( n+1

n+1+e
)1/e.

Clearly n+1
n+1+e

is converging to 1 increasingly as n → ∞ and so is ( n+1
n+1+e

)1/e, and
thus ( n+1

n+1+e
)1/e ≥ ( 8

8+e
)
1
e for n ≥ 7. Hence

(7
6
)5e−1e1/e( n+1

n+1+e
)1/e ≥ (7

6
)5e−1e1/e( 8

8+e
)
1
e ≥ 1.03 > 1.

Lemma 3.1.3. Let n ∈ N with n ≥ 3, and for m ∈ {2, . . . , n − 1}, let am :=

mm−1nn−m+1. Then for all m ∈ {2, . . . , n−1}, we have am ≤ an−1 = n2(n−1)n−2.

Proof: We proof the statement distinguishing between three cases:

Case: m ≤ n/e: Then n/m ≥ e. Since (1+ 1
m
)m is an increasing sequence converg-

ing to e, we have n
m

≥ (m+1
m

)m. Thus nmm−1 ≥ (m+1)m and hence nmm−1nn−m ≥
(m+1)mnn−m. But then am = mm−1nn−m+1 ≥ (m+1)(m+1)−1nn−(m+1)+1 = am+1.
Thus (am) is decreasing for 2 ≤ m ≤ n/e, i.e. a2 = 2nn−1 ≥ am in this interval.
We now show that for n ≥ 3, a2 ≤ an−1, i.e.: 2nn−1 ≤ n2(n−1)n−2 or equivalently
2 ≤ n(n−1

n
)n−2. For 3 ≤ n ≤ 5 it can be seen easily that the inequality holds.

Therefore, let n ≥ 6. Since (n−1
n
)n−2 converges to 1/e monotonically decreasing,

n(n−1
n
)n−2 ≥ n

e
≥ 6/e > 2.
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Case: m ≥ n/e + 1: Then n/m ≤ e(m−1
m

). Since (m+1
m

)m+1 is a decreasing
sequence converging to e, we can write

n
m

≤ e(m−1
m

) ≤ (m+1
m

)m+1(m−1
m

) = (m+1
m

)m(m
2−1
m2 ) ≤ (m+1

m
)m.

Therefore, proceeding as in the previous case, we obtain am = mm−1nn−m+1 ≤
(m + 1)(m+1)−1nn−(m+1)+1 = am+1. Thus (am) is increasing in this interval and
hence ≤ an−1.

Case: n/e < m < n/e+1: For 3 ≤ n ≤ 11 it can be checked easily that am ≤ an.
Therefore, let n ≥ 12. Since n/e < m < n/e+ 1,

am = mm−1nn−m+1 ≤ (n
e
+ 1)(

n
e
+1)−1nn−n

e
+1 = (n

e
+ 1)

n
e nn−n

e
+1.

We want to show that (n
e
+ 1)

n
e nn−n

e
+1 ≤ n2(n − 1)n−2 = an−1 or equivalently

(n
e
+ 1)

n
e nn−n

e
−1(n− 1)2−n =: fn ≤ 1.

By Lemma 3.1.2, we know that (fn)n≥7 is decreasing. Thus, since f12 < 1, fn < 1

for n ≥ 12.

For our purposes, the following rough estimation of the Bell number will be
sufficient.

Lemma 3.1.4. There are at most n! possible partitions of an n-element set.

Proof: Consider the mapping µ : Sn → Pn from the symmetric group of an
n-element set to the set of partitions of an n-element set, where a cycle decom-
position is mapped to the corresponding set of subsets

(σ1), . . . , (σk) ↦→ {{σ1}, . . . , {σk}}.

Since µ is obviously surjective, |Pn| ≤ |Sn| = n!.

3.2 The fraction of simple algebras

Proof of Theorem 2.0.1: Obviously every one or two-element algebra is simple
and thus we we can restrict ourselves to the case n ≥ 3. Let k ∈ N and let ρ be a
finite type containing at least one operation symbol of arity k. Thus for m ∈ N
and finitary operation symbols f1, . . . , fm, we can write ρ = {f1, . . . , fm} and we
assume that arity(f1) = k.
In order to prove the statement of the theorem, we will show that P (¬S,Algρ,n) ≤
exp(−nk−1 + 2nk−2 + n ln(n)). To this end, we call an algebra A ∈ Algρ,n ρ-
admissible if and only if its operations preserve a nontrivial equivalence relation.
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We denote the number of ρ-admissible algebras by N(ρ) = N(f1, . . . , fm). Clearly,
if A is ρ-admissible, then for every fi ∈ ρ, ⟨A, fi⟩ is {fi}-admissible. Thus

N(f1, . . . , fm) ≤ N(f1) · · · · ·N(fm) ≤ N(f1)
m∏
i=2

nnar(fi) .

Hence for the fraction of such tables we get

N(f1, . . . , fm)

|Algρ,n|
=

N(f1, . . . , fm)∏m
i=1 n

nar(fi)
≤ N(f1)

∏m
i=2 n

nar(fi)∏m
i=1 n

nar(fi)
=

N(f1)

nnk .

Therefore we may restrict ourselves to the case that ρ contains only one single
k-ary operation symbol f .
Fix a nontrivial equivalence relation θ on A. How many algebras in Algρ,n preserve
θ? Since A/θ is a partition of A, there are l ∈ N with 1 ≤ l ≤ n and some disjoint
Ai ∈ P(A) with

⋃l
i=1Ai = A such that we can write A/θ = {A1, . . . , Al}. Fix

1 ≤ i ≤ l and (α1, . . . , αk−1) ∈ {1, . . . , n}k−1 and let a, b ∈ Ai (i.e. aθb). If
f preserves θ, we have f(a, α1, . . . , αk−1)θf(b, α1, . . . , αk−1) and hence for some
1 ≤ j ≤ l, f(a, α1, . . . , αk−1), f(b, α1, . . . , αk−1) ∈ Aj. Thus there are

l∑
j=1

|Aj||Ai|

ways to choose all values of f(a,α1, . . . , αk−1) where a ∈ Ai. Since this can be
done for every 1 ≤ i ≤ l, there are

l∏
i=1

l∑
j=1

|Aj||Ai|

ways to choose the values of f(a, α1, . . . , αk−1) with a ∈ A. Hence there are at
most ∏

α∈{1,...,n}k−1

l∏
i=1

l∑
j=1

|Aj||Ai| = (
l∏

i=1

l∑
j=1

|Aj||Ai|)n
k−1

(3.2.1)

algebras in Algρ,n preserving θ. We will now find an upper bound for (3.2.1). Let
m := max{|Ai| : Ai ∈ A/θ}. Then

l∑
j=1

|Aj||Ai| ≤
l∑

j=1

|Aj|m|Ai|−1 = m|Ai|−1

l∑
j=1

|Aj| = nm|Ai|−1.

Thus
l∏

i=1

l∑
j=1

|Aj||Ai| ≤
l∏

i=1

nm|Ai|−1 = nlm

l∑
i=1

|Ai|−l
= nlmn−l.
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Since l is the number of equivalence classes and m the size of the equivalence
class of maximal cardinality in A/θ, clearly 1 ≤ l ≤ n − m + 1 and hence
nlmn−l ≤ nn−m+1mm−1. Since θ is neither ∆A nor ∇A, we have 2 ≤ m ≤ n − 1.
Thus Lemma 3.1.3 yields nn−m+1mm−1 ≤ n2(n− 1)n−2, and hence the number of
algebras in Algρ,n preserving θ is bounded from above by (n2(n− 1)n−2)n

k−1 .

Since every equivalence relation can be identified with its corresponding partition,
by Lemma 3.1.4 there are at most n! ≤ nn choices for θ. For every such θ we have
at most (n2(n− 1)n−2)n

k−1 algebras preserving it and hence in total there are at
most nn(n2(n − 1)n−2)n

k−1 algebras in Algρ,n admitting a nontrivial congruence
relation. Since the number of all possible algebras is nnk , we are interested in the
fraction

nn(n2(n− 1)n−2)n
k−1

nnk

which is an upper bound for P (¬S,Algρ,n), the fraction of n-element non-simple
algebras of type ρ. Using the fact that (1 − 1

n
)n converges to 1/e monotonically

increasing, we get

P (¬S,Algρ,n) ≤
nn(n2(n−1)n−2)n

k−1

nnk = nn (n−1)(n−2)nk−1

n(n−2)nk−1 = nn(n−1
n
)(n−2)nk−1

=

nn((1− 1
n
)n)(n−2)nk−2 ≤ nne(2−n)nk−2

= e−nk−1+2nk−2+nln(n).

Thus P (S,Algρ,n) ≥ 1 − exp(−nk−1 + 2nk−2 + n ln(n)), and hence for k > 2

converges to 1 as n → ∞.
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Chapter 4

About the two kinds of probability
in algebra

The probability measure we have defined in section 1.3 counts every single algebra
of a specific type having a certain property. Now one could propose a different
kind of probability measure counting algebras only up to isomorphism instead.
In [Fre90], R. Freese investigated these two concepts of probability, showing that
they are closely related to each other. Verbatim quotes from the literature will
be identified as such by indentation and using a smaller font.

4.1 Labeled and unlabeled probability

Let Kn be a finite, nonempty set of algebras with universe {0, . . . , n − 1} and
define K =

⋃
n∈N Kn. Freese defined the probability of a property P in K as

Pr(P ;K) = lim
n→∞

Pr(P ;Kn), where

Pr(P,Kn) =
|{A∈Kn:A⊨P}|

|Kn|

if this limit exists.

For a finite similarity type τ , denote by T (τ) the set of all finite algebras of type
τ and by A(τ) the set of all isomorphism classes of finite algebras of type τ . Then
Pr(P, T (τ)) is called the labeled and Pr(P,A(τ)) the unlabeled probability of a
property P .

In his proofs, Freese uses some basic and well known concepts from probability
theory. For a random variable X on a class K of algebras (i.e. a function K → R),
he defined the expected value of X as
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E(X;K) = lim
n→∞

∑
A∈Kn

X(A)

|Kn| .

4.2 Relations between the two kinds of
probability

Theorem 4.2.1 ([Fre90, Thm. 1]). Let τ be a similarity type and let X(T ) =

|Aut(T )| for T ∈ T (τ). Let P be an algebraic property. If E(X;T (τ)) = 1 then
if either Pr(P ; T (τ)) or Pr(P ;A(τ)) exists then both exist and are equal.

Proof:

Let T ∈ Tn and let σ ∈ Sn, the full symmetric group on {0, 1, . . . , n − 1}. For
each fundamental operation f of T , we define an operation fσ on the same set by

fσ(x0, . . . , xn−1) = σ−1(f(σ(x0), . . . , σ(xn−1))))

Let T σ be the algebra with these operations. Then σ is an isomorphism from T

onto T σ. Notice that T σ = T if and only if σ ∈ AutT . [Fre90, p. 3]

The following equality holds if and only if ∃α ∈ AutT such that σ2 = α ◦ σ1, i.e.
σ1 ∽AutT σ2 or equivalently AutT ◦ σ1 = AutT ◦ σ2.

fσ2(x0, . . . , xn−1) = fα◦σ1(x0, . . . , xn−1) =

(α ◦ σ1)
−1f((α ◦ σ1)(x0), . . . , (α ◦ σ1)(xn−1)) =

σ−1
1 ◦ α−1f(α(σ1(x0)), . . . , α(σ1(xn−1))) = σ−1

1 fα(σ1(x0), . . . , σ1(xn−1)) =

σ−1
1 f(σ1(x0), . . . , σ1(xn−1)) = fσ1(x0, . . . , xn−1).

Thus the number of distinct T ′ ∈ Tn isomorphic to T is exactly the index (i.e.
the number of cosets) of Aut T in Sn. Applying Lagrange’s theorem, we get

|{T ′ ∈ Tn : T ′ ∼= T | = [Sn : Aut T] =
n!

|AutT |
. (4.2.1)

Now using this we can calculate
∑

T∈Tn
|AutT | by summing |AutA| over A ∈ An

multiplied by the number of tables corresponding to A and obtain the following
usefull formula. ∑

T∈Tn

|AutT | = |An|n! (4.2.2)

For a class of algebras K, let K[P ] = {A ∈ K : A ⊨ P}. The isomorphism relation
divides Tn into classes and each of this classes contains at most n! elements. Hence
n!|An[P ]| ≥ |Tn[P ]|. Using this and (4.2.2) we see
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|An[P ]|
|An|

≥ |Tn[P ]|/n!
|An|

=
Tn[P ]|/n!

(|Tn|/n!)(1/|Tn|)
∑

|AutT |
=

|Tn[P ]|
|Tn|

1

E(X; Tn)
(4.2.3)

Thus

Pr(P ;An) ≥
1

E(X; Tn)
Pr(P ; Tn) (4.2.4)

This same inequality applies to Q = ¬P , the logical negation of P . Using this
and the fact that Pr(Q) = 1 − Pr(P ), we obtain the following formulae, where
En = E(X; Tn).

1

En
Pr(P ; Tn) ≤ Pr(P,An) ≤

1

En
(Pr(P, Tn) + En − 1) (4.2.5)

EnPr(P ;An)− (En − 1) ≤ Pr(P ; Tn) ≤ EnPr(P ;An) (4.2.6)

Now the theorem follows easily from this inequalities. [Fre90, p. 3]

The above theorem basically states that the two kinds of probability coincide if
the expected value of the number of automorphisms of finite algebras of type τ

is 1 (i.e. only the trivial automorphism).

In the next theorem, Freese also provides a very useful condition when this is the
case.

Theorem 4.2.2 ([Fre90, Thm. 2]). If the similarity type τ contains an operation
symbol of rank at least 2, or if it has at least three unary operation symbols, then

E(X;T (τ)) = 1

where X(T ) = |Aut(T )|.

Proof:

For σ ∈ Sn let Xσ be the indicator random variable defined by

Xσ(T ) :=

{
1 if σ ∈ AutT
0 otherwise.

Then
X =

∑
σ∈Sn

Xσ.

First assume that the similarity type τ contains an operation symbol f of arity
k where k is at least 2. In the proof we will now give we assume that τ has only
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the operation symbol f . The proof in the general case is the same except that the
size of all sets in question gets multiplied by a constant. Of course quotients of
such sizes will be the same. If σ ∈ Sn, let ci(σ) be the number of cycles of length
i in the decomposition of σ into disjoint cycles and let c(σ) be the total number
of cycles in this decomposition, counting 1-cycles, i.e., c(σ) =

∑n
i=1 ci(σ). Notice

that if c(σ) = n then σ is the identity permutation and that if c(σ) = n− 1 then
σ is a transposition, i.e., it interchanges two numbers and fixes the others.
Now suppose that σ ∈ AutT for T ∈ Tn(τ) and that i and j are in the same
orbit of σ. Then the values of f(i, x2, . . . , xk), where 0 ≤ xi < n for i = 2, . . . , k

determine the values f(j, y2, . . . , yk). From this we see that

|{T ∈ Tn : σ ∈ AutT }| ≤ nc(σ)nk−1

(4.2.7)

We can write Tn = T ′
n ∪T ′′

n ∪T ′′′
n where T ′

n is the set of those members of Tn with
trivial automorphism group, T ′′

n are those whose automorphism group contains
only a transposition and the identity, and T ′′′

n are those whose automorphism
group contains a nonidentity element which is not a transposition. Now using
(4.2.7) and this decomposition, we have

1 ≤ 1

|Tn|
∑
T∈Tn

|AutT | ≤ |T ′
n|

nnk +
2
(
n
2

)
n(n−1)nk−1

nnk +
n!n!n(n−2)nk−1

nnk . (4.2.8)

The second term corresponds to T ′′
n and

(
n
2

)
is the number of transpositions in

Sn. In the last term we have used |AutT | ≤ n!. Now the first term is at most 1

and it is easy to see that the second and third terms tend to 0 as n → ∞. Hence
E(X; T (τ)) = 1, as desired. Thus we may assume that τ has only unary operation
symbols.

Assume that the similarity type contains r unary operations, r ≥ 3 and no other
operation symbols. Suppose that σ ∈ AutT and that f is a basic unary operation
of T . Let x ∈ T = {0, 1, . . . , n − 1} lie in a cycle of lenght k in the unique cycle
decomposition of σ into disjoint cycles. Then f(x) must lie in a cycle of length
i, for some i|k. The values of f on the elements of the cycle containing x are
determined by f(x). Moreover, the values of f on distinct cycles are independent.
It follows from this that if ci(σ) is the number of cycles of σ of length i, then

E(Xσ; Tn(τ)) = 1
nrn

n∏
k=1

(
∑
i|k

ici(σ))
rck(σ).

The cycle structure of σ is determined by the vector of the cycle lengths,

⟨c1(σ), c2(σ), . . . , cn(σ)⟩.

The entries of this vector are nonnegative integers and satisfy
∑

ici(σ) = n. If
j̄ = ⟨j1, j2, . . . , jn⟩ is a vector of nonnegative integers satisfying

∑
iji = n, then

the number of elements of Sn with this cycle structure is

n!

j1!j2! . . . jn!1j12j2 . . . njn
.

Hence

E(X; Tn(τ)) =
1

nrn

∑
j̄

n!

j1!j2! . . . jn!1j12j2 . . . njn

n∏
k=1

(
∑
i|k

iji)
rjk . (4.2.9)
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The term in the sum corresponding to j̄ = ⟨n, 0, . . . , 0⟩ is 1, reflecting the fact
that the identity permutation is an automorphism of every algebra. The term
corresponding to j̄ = ⟨n − 2, 1, 0, . . . , 0⟩, i.e., to a permutation which is a single
transposition, is

1
nrn

n!
(n−2)!2 (n− 2)r(n−2)nr ≤ 1

nrn
n2

2 nr(n−2)nr = 1
2nr−2 .

Since r ≥ 3, this term goes to 0, as n → ∞.
In each of the remaining terms j1 has the form j1 = n − t, for t = 3, . . . , n. The
number of σ ∈ Sn with c1(σ) = n − t is at most

(
n

n−t

)
t!. Moreover,

∑
i|k iji ≤ n

and
∑n

i=2 ji ≤ t/2. From this it follows that the sum of the remaining terms is
bounded above by

1

nrn

n∑
t=3

(
n

n− t

)
t!(n− t)r(n−t)nrt/2. (4.2.10)

Now the tth term of this sum is

1
nrn

n!
(n−t)! (n− t)r(n−t)nrt/2 ≤ 1

nrnn
tnr(n−t)nrt/2

= 1
nt(r/2−1) ≤ 1

n3/2 ,

since t ≥ 3 and r ≥ 3. Thus (4.2.10) is at most n(1/n3/2) = 1/n1/2 → 0 as
n → ∞. Thus E(X; T (τ)) = 1, as desired. [Fre90, pp. 4,5]

The requirements on the similarity type in Theorem 4.2.2 can not be loosened.

Theorem 4.2.3 ([Fre90, Thm. 3]). If the similarity type τ consists of of two
unary operation symbols and nothing else, then

E(X; T (τ)) = e1/(2e
4) = 1.009 . . .

where X(T ) = |Aut(T )|.

Proof:

As in the last theorem,

E(X; Tn(τ)) =
1

n2n

∑
j̄

n!

j1!j2! . . . jn!1j12j2 . . . njn

n∏
k=1

(
∑
i|k

iji)
2jk . (4.2.11)

summed over all j̄ = ⟨j1, . . . , jn⟩ with
∑n

i=1 iji = n.
Consider the contribution to the sum of terms of the form j1 = n−t, j2 = t/2, ji =

0, for i > 2, where 0 ≤ t < n and t is even. These correspond to permutations of
order 2 consisting of exactly t/2 transpositions. (It is easy to see that the term
for t = n gives a contribution which goes to 0 as n → ∞.) These terms give

n−1∑
t=0, t even

1
n2n

n!
(n−t)!

1
(t/2)!2t/2

(n− t)2(n−t)nt =

⌊n−1
2 ⌋∑

k=0

1
n2n

n!
(n−2k)!

1
k!2k

(n− 2k)2(n−2k)n2k
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=

⌊n−1
2 ⌋∑

k=0

1

k!2k

[(n− 2k

n

)2n n2k

(n− 2k)2k
n(n− 1) . . . (n− 2k + 1)

(n− 2k)2k

]
(4.2.12)

Let ak(n) be the term in the square brackets in (4.2.12) provided that k ≤ (n−1)/2

and let ak(n) = 0 otherwise. Thus we wish to evaluate

lim
n→∞

∞∑
k=0

1

k!2k
ak(n) (4.2.13)

Notice that ak(n) ≤ 1, for all n and k. Thus the above sum is bounded by e1/2.
Hence we can interchange the limit and the sum. Now clearly, for k fixed,

lim
n→∞

n2k

(n−2k)2k
n(n−1)...(n−2k+1)

(n−2k)2k
= 1

Thus limn→∞ ak(n) = (1/e4)k. From this it follows that (4.2.13) evaluates to
e1/(2e

4). Thus to complete the proof we need to show that the contribution of the
other terms goes to 0 as n → ∞.

Consider j̄ with j1 = n− t, j2 = t−3
2 , j3 = 1, and ji = 0 for i > 3, where t ≥ 3 and

odd. The contribution of these terms to (11) is

n∑
t=3, t odd

1
n2n

n!

(n−t)!( t−3
2 )!2

t−3
2 3

(n− t)2n−2t(n− 3)(t−3)(n− t+ 3)2 ≤
n∑

t=3, t odd

1

( t−3
2 )!2

t−3
2 3

nt

nt

(n−t)2n−2t

n2n−2t

(n−3)t−3

nt (n− t+ 3)2 ≤ 1
3n

n∑
t=3, t odd

1

( t−3
2 )!2

t−3
2

≤

1
3n

∞∑
k=0

1
k!2k

= 1
3ne

1/2.

Thus the contribution of these terms tends to 0 as n → ∞.
Now let j̄ be arbitrary with j1 = n−t. As noted above, there are at most n!/(n−t)!

such j̄. Since
∑n

i=1 iji = n and
∑n

i=2 iji = t, the contribution of all such terms
to the sum (11) is bounded by

1

n2n

n!

(n− t)!
(n− t)2(n−t)n(2

∑n
i=2 ji). (4.2.14)

Clearly, for j̄ satisfying t =
∑n

t=2 iji, the maximum value of
∑n

i=2 ji is t/2, and
this can only be obtained when j2 = t/2 and ji = 0 for i > 2. Since we have
already considered this case, we may assume that

n∑
i=2

ji ≤
t− 1

2
. (4.2.15)

If equality obtains in (4.2.15), then from the fact that t =
∑n

i=2 ji we have that∑n
i=2(i − 2)ji = 1. It follows from this, that equality in (4.2.15) obtains only if

j2 = t−3
2 , j3 = 1, and ji = 0, for i > 3. Since we have already shown that the

contribution from these terms tends to 0, we may assume that
∑n

i=2 ji ≤
t−2
2 . In

this case (4.2.14) is bounded above by

1
n2n

n!
(n−t)! (n− t)2n−2tnt−2 ≤ nt

nt

(n−t)2n−2t

n2n−2t
nt−2

nt ≤ 1
n2 .
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Since there are at most n such terms, there total contribution is at most n(1/n2) =

1/n. Thus as n → ∞ the contribution of these terms goes to 0. [Fre90, pp. 6,7]

This last result, together with (4.2.5) and (4.2.6), give the following corollary:

Corollary 4.2.4 ([Fre90, Cor. 4]). For 2 unary algebras, the labeled and the
unlabeled probabilities can differ by at most 0.01 when they both exist.
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Chapter 5

Probability in group theory

Among the great number of publications in the field of probability in group theory,
we present a few results on this topic just to give a short insight into this vast
field of research.

5.1 On the probability of generating a minimal
d-generated group

Definition 5.1.1 ([DVLM01]). We denote by L the set of finite groups L with
the following properties: L has a unique minimal normal subgroup, say M , and
if M is abelian then M has a complement in L.
Let L0 = L/M and for any positive integer t define Lt = {(l1, . . . , lt) ∈ Lt|l1 ≡
· · · ≡ lt modM}.

Definition 5.1.2 ([DVLM01]). Denote by d(G) the minimal number of genera-
tors of a finite group G. A group G is a minimal d-generated group if d(G) = d

but d(G/N) < d whenever N is a nontrivial normal subgroup of G.

In [DVL98] it is proved that for any nontrivial finite group G there exists L ∈ L
and a positive integer t such that Lt is an epimorphic image of G and d(G) =

d(Lt) > d(Lt1). In particular, if G is a minimal d-generated group, then G ∼= Lt

for a suitable choice of L ∈ L and t ∈ N. [DVLM01, p. 3]

Definition 5.1.3 ([DVLM01]). For any finite group G, let ϕG(s) denote the num-
ber of s-bases, that is, ordered s-tuples (g1, . . . , gs) of elements of G that generate
G. The number PG(s) = ϕG(s)/|G|s gives the probability that s randomly chosen
elements of G generate G. If G is a finite group and N is a normal subgroup of
G, let PG,N(s) = PG(s)/PG/N(s) denote the probability that an s-tuple generates
G, given that it generates G modulo N .
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Theorem 5.1.4 ([DVLM01] Thm.1). Given a real number α with 0 < α < 1

there exist two absolute constants β1 and β2 such that for any L ∈ L and any
t ∈ N

• if socL is abelian and s ≥ β1 + d(Lt), then PLt,socLt ≥ α;

• if socL is non-abelian and s ≥ β2 log(t+ 1), then PLt,socLt(s) ≥ α

Theorem 5.1.5 ([DVLM01] Thm. 2). Let Lab be the set of finite groups L ∈ L
satisfying the property that soc L is abelian. For any L ∈ Lab and any t, u ∈ N

PLt,socLt(d(Lt) + u) ≥ 1− 2−u

Theorem 5.1.6 ([DVLM01] Thm. 3). Let Lnonab = L\Lab. There exist two
positive real numbers η1 and η2 such that for any L ∈ Lnonab and any t, u ∈ N, if
PL0(u) > 0 then

PLt,socLt(u) ≥ 1− η1t2

2η2u

Now suppose X, Y ∈ L with socX = socY and let t ∈ N. What can be said
about d(Yt) if we know d(Xt)?

Theorem 5.1.7 ([DVLM01] Thm. 4). There exists a positive integer r with the
following property: for any pair of groups X, Y ∈ Lnonab with socX = socY and
any non negative integer t, d(Yt) ≤ max(d(Y0), d(Xt) + r)

Theorem 5.1.8 ([DVLM01] Thm. 5). There exists a positive real number ζ with
the following property: for any pair of groups X, Y ∈ Lnonab with socX = socY

and any nonnegative integer t, if | socX| ≥ ζ, then d(Yt) ≤ max(d(Y0), d(Xt)+1).

5.2 Completeness for concrete near-rings

Definition 5.2.1 ([AMPW04]). Given a group ⟨Γ,+,−, 0⟩, a subset N of the
set ΓΓ of maps from Γ to Γ is said to be a concrete near-ring over Γ if N is closed
with respect to composition (of functions), and pointwise addition and negation.
A set F ⊆ ΓΓ of maps is said to be near-ring complete if the near-ring generated
by F is equal to M(Γ), the full concrete near-ring over Γ whose carrier is ΓΓ .

The following lemma yields a characterization of those operations, which are
near-ring complete.

Lemma 5.2.2 ([AMPW04, Thm. B]). Let F be a set of unary operations on
Γ where ⟨Γ,+,−, 0⟩ is a finite group with at least three elements. Then F is
near-ring complete if and only if the following conditions are satisfied:
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• F separates points, that is, for all a, b ∈ Γ such that a ̸= b there is an f ∈ F

with f(a) ̸= f(b);

• for every subgroup H ̸= Γ of Γ there exist an f ∈ F and h ∈ H such that
f(h) /∈ H;

• for every proper normal subgroup 0 ̸= N ̸= Γ of Γ there exist an f ∈ F and
x, y ∈ Γ such that x− y ∈ N and f(x)− f(y) ∈ N ;

• in case ⟨Γ,+,−, 0⟩ is an elementary abelian p-group, there exists an f ∈ F

and x, y ∈ Γ such that f(x+ y) ̸= f(x) + f(y)− f(0).

Based on this lemma we obtain a lower bound for the fraction of near-ring com-
plete bijections from Γ → Γ.

Theorem 5.2.3 ([AMPW04, Thm. C]). Write pΓ for the probability that a ran-
domly chosen bijection from Γ to Γ generates M(Γ) and let n := |Γ|. Then
pΓ > (n− 6)/n for n ≥ 6, and thus pΓ tends to 1 as n → ∞.
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Chapter 6

Applications of better quasi-order
theory

In [AA18] we investigated an ordering of tupels of natural numbers and two
different word orderings showing that they (and even their upward closed subsets
ordered by set inclusion) are well quasi-ordered. In the present note our aim is
to prove that all these orderings are even better-quasi ordered, resorting to the
theory of bad arrays introduced by Crispin St. J. A. Nash-Williams in [NW65].

6.1 Barriers, bad arrays and better quasi-orders

In the following, we will use the notation given in [AH07]. We denote sets ranging
over [N]ω, the set of infinite subsets of N, with capital letters. Sets ranging over
[N]<ω, the set of finite subsets of N, are denoted by small letters. We assume that
all our sets are written in increasing order of their elements. We denote by l(s)

the cardinality of s. For every 1 ≤ i ≤ l(s) we write si for the i-th element of s;
therefore, we can write s = {s1, . . . , sl(s)}, with s1 < · · · < sl(s). We write s ≼ t if
s is an initial segment of t, that is l(s) ≤ l(t) and si = ti for all 1 ≤ i ≤ l(s). We
put s ≺ t if s is a proper initial segment of t, i.e., s ≼ t and s ̸= t. Clearly s ≼ t

implies s ⊆ t.

If s, t are finite subsets of N, we write s◁ t to mean that there are i1 < · · · < ik
and j (1 ≤ j < k) such that s = {i1, . . . , ij} and t = {i2, . . . , ik}.

Definition 6.1.1. Let X be an infinite subset of N. We say that B ⊆ [X]<ω is a
barrier on X if:

• for every infinite Y ⊆ X there is an initial segment of Y in B,
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• B is an antichain with respect to ⊆.

Definition 6.1.2 ([AH07]). Let B be a barrier on X. Write B2 = {s ∪ t : s, t ∈
B, s◁ t}.

Lemma 6.1.3 ([AH07, Lem. 1.5]). Let B be a barrier on a set X. Then for
every Y ∈ [X]ω and s ∈ B with s ≺ Y there exists t ∈ B such that s ◁ t and
s ∪ t ≺ Y .

Proof: Let s ∈ B, s ≺ Y . Write s = {y1, . . . , yl}. Y \ {y1} ∈ [X]ω has an initial
segment t in B, i.e. t = {y2, . . . , yk}. If k ≤ l, t ⊂ s contradicting the fact that B
is an antichain. Hence l < k and thus s◁ t. Obviously s ∪ t ≺ Y .

Theorem 6.1.4 ([AH07, Prop. 1.4]). B2 is a barrier on X.

Proof: The first item of the definition follows directly from Lemma 6.1.3.

For the second item, we show that if s, t, s′, t′ ∈ B, s◁ t, s′◁ t′, and s∪ t ⊆ s′ ∪ t′,
then s = s′ and t = t′. For let s ∪ t = {i1, . . . , ik} and s′ ∪ t′ = {j1, . . . , jm} in
increasing order. Then t = {i2, . . . , ik} and t′ = {j2, . . . , jm}. Assume t ⊈ t′.
Case: ir /∈ t′ for 2 < r ≤ k: Since clearly t ⊆ s′ ∪ t′, ir = j1. But then ir−1 < j1
and hence ir−1 /∈ s′ ∪ t′, a contradiction.
Case: i2 /∈ t′. Then i2 = j1: But then i1 < j1 in contradiction to s ∪ t ⊆ s′ ∪ t′.
Hence t ⊆ t′, and since B is a barrier we have t = t′. It follows that s∪ t = s′ ∪ t′

and s = s′.

Theorem 6.1.5 (Nash-Williams barrier theorem). Let B be a barrier on X ∈
[N]ω. Suppose that B = B1 ∪ B2. Then there is an infinite subset Y of X such
that one of Bi ∩ [Y ]<ω(i = 1, 2) is a barrier on Y .

In the context of bqo-theory, the concept of bad sequences has been generalized
to bad arrays :

Definition 6.1.6 ([AH07]).

• Given a barrier B and a pre-ordered set Q, we call a map f : B → Q a
Q-array.

• We say that a Q-array is bad if there are no s, t ∈ B with s ◁ t such that
f(s) ≤ f(t) and good otherwise.

Definition 6.1.7. [AH07] We say that a pre-ordered set (Q,≤) is better quasi-
ordered if there is no bad Q-array.
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A detailed overview on how the concept of well quasi-orderings has been general-
ized to the concept of better-quasi-orderings is given in [Peq17]. However, it can
be seen easily that a better quasi-ordered set is also well quasi-ordered:

Theorem 6.1.8. If Q is better quasi-ordered, then Q is also well quasi-ordered.

Proof: Suppose that Q is not wqo. Then there is a bad sequence s := (si)i∈N
from Q. Let B be a barrier on N and define f : B → Q; f(b) := smin(b). Since b◁c

implies min(b) < min(c) and s is bad, we get that b ◁ c implies f(b) = smin(b) ≰
smin(c) = f(c). Hence f : B → Q is a bad array and thus Q is not bqo.

The following theorem shows that better quasi-orderedness is a particularly strong
property with far reaching consequences.

Definition 6.1.9. [AA18] A subset U of A is called upward closed if u ∈ U ,
a ∈ A, and u ≤ a imply a ∈ U . For a subset B of A, we define the upward closed
set generated by B by ↑B := {a ∈ A | ∃b ∈ B : b ≤ a}. By U(A,≤) or simply
U(A) we denote the set of upward closed subsets of A. This set can be ordered
by set inclusion ⊆. Dually, D ⊆ A is called downward closed if A \D is upward
closed.

Theorem 6.1.10 ([AH07, Prop. 5.5]). Suppose that the ordered set A is bqo.
Then the ordered sets (U(A),⊇) and (D(A),⊆) are bqo.

Proof:

Let f : B → D(A) be a bad D(A)-array. The set B2 is a barrier. We construct a
bad A-array g : B2 → A as follows: For every s ∪ t ∈ B2, we have f(s) ⊈ f(t); so
we can choose g(s ∪ t) ∈ f(s) \ f(t). Now suppose s′ ∪ t′ ∈ B2 with s ∪ t◁ s′ ∪ t′.
Then s′ = t, hence g(s ∪ t) ≰ g(s′ ∪ t′). Therefore, g is bad. This shows, that
D(A) is bqo.
Suppose h : C → U(A) is an U(A)-array. We then consider the D(A)-array
h′ : C → D(A) defined by h′(c) = S \ h(c) for all c ∈ C. Since D(A) is bqo, we
find c1 ◁ c2 in C with h′(c1) ⊆ h′(c2), and hence h(c1) ⊇ h(c2). Thus h is good,
and U(A) is bqo. [AH07, p. 14]

For well-quasi orders there does not exist a similar property.

6.2 Minimal bad maps

Definition 6.2.1 ([Lav78]). Suppose Q is quasi-ordered by ≤. A partial ranking
on Q is a well-founded partial order <′ on Q such that if q, r ∈ Q and q <′ r then
q < r.1

1Since all the sets we are considering carry a well founded partial ordering, we may simply
take < for <′.
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• For barriers B, C on X, Y , we write B ⊑ C if Y ⊆ X and every element of
C has an initial segment in B. We write B ⊏ C if B ⊑ C and some element
of C has a proper initial segment in B.

• Given f : B → Q and g : C → Q, we say f foreruns g, written f ⊑ g if

1. B ⊑ C,

2. f(s) = g(s) for all s ∈ B ∩ C,

3. for all b ∈ B, c ∈ C with b ≺ c, we have g(c) <′ f(b).

We say f strictly foreruns g and write f ⊏ g if f ⊑ g and B ⊏ C.2

• We say that a bad map f : B → Q is minimal if there is no bad g with
f ⊏ g.

Theorem 6.2.2 (Minimal bad array lemma, [Lav78, Thm. 1.9] ). Let (Q,≤) be
quasi-ordered, <′ a partial ranking on Q. Then for every barrier B and bad map
f : B → Q, there are a barrier C ⊒ B and a minimal bad g : C → Q with f ⊑ g.

6.3 Higman’s ordering

Let A be a finite alphabet and define the set of words over A as A∗ =
⋃

n∈N0
An.

A word u ∈ A∗ embeds into v ∈ A∗ if u can be obtained from v by cancelling some
letters, writing u ≤e v. For example u = aexzzl embeds into v = abexazzklc.
A formal definition when x ≤e y holds is based on recursion on the length of x.
The empty word ϵ can be embedded in every y ∈ A∗. Now let x = au for some
a ∈ A and u ∈ A∗. Then x ≤e y if there are words v, w ∈ A∗ such that y = vaw

and u ≤e w.
A result of G. Higman from 1952 states that there do not exist infinite antichains
for this ordering of words [Hig52]. In [AA18] we provided a proof for the fact
that also (U(A∗,≤e),⊆) has no infinite antichains, using the concept of minimal
bad sequences introduced in [NW63]. It turns out that an even stronger result
can be obtained using the theory of bad arrays.

Theorem 6.3.1. (A∗,≤e) is better quasi-ordered.

Proof: Assume that there is a barrier B and a bad map f : B → A∗. Since (A∗,≤e)

is well founded, by theorem 6.2.2 there exists a barrier C ⊒ B on a set X and a
minimal bad map g : C → A∗ with f ⊑ g. Define C2 := {s∪ t : s, t ∈ C, s◁ t}. By

2In [Lav78], ⊑ is used in the context of barriers as well as for comparing arrays/maps.
However, notice that in each context ⊑ has a different meaning.
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theorem 6.1.4, C2 is a barrier on X. Define Cϵ
2 := {s∪ t ∈ C2 : g(s) = ϵ}. Assume

there exists s ∪ t in Cϵ
2. Then g(s) = ϵ ≤e g(t). Since s ∪ t ∈ C2, s◁ t and hence

g is good contradicting the assumptions. Thus Cϵ
2 = ∅.

Let Ca
2 := {s ∪ t ∈ C2 : g(s) = aw for some a ∈ A andw ∈ A∗}. Clearly C2 =⋃

a∈A Ca
2 . Since A is a finite alphabet, by the Nash-Williams barrier theorem we

can find a ∈ A and an infinite subset Y of X such that Ca
2 ∩ [Y ]<ω =: D is a

barrier on Y .
For a word w = av, where a ∈ A and v ∈ A∗, we define a−1w := v. Let
h : D → A∗; h(s ∪ t) := a−1g(s). We show that g ⊏ h:

1. We prove that C ⊏ D. To this end, let s ∪ t ∈ D. By definition, s ∪ t ∈ C2
and thus s◁ t, i.e.: s = {i1, . . . , il}, t = {i2, . . . , ik}, l < k. Thus s ≺ s ∪ t

and hence every element of D has a proper initial segment in C.

2. We have to show that g(s) = h(s) for all s ∈ C ∩ D. Assume s ∈ C ∩ D.
Since s ∈ C2, s = u ∪ v for some u◁ v ∈ C. Again u ≺ u ∪ v, i.e. u ≺ s in
C (obviously implying u ⊆ s), contradicting the fact that C is an antichain
(with respect to ⊆). Thus C ∩ D = ∅.

3. It remains to prove that for all s ∪ t ∈ D and c ∈ C with c ≺ s ∪ t, we
have h(s ∪ t) <e g(c). Obviously for s ∪ t ∈ D, s is the only element in C
such that s ≺ s ∪ t, since otherwise C would not be an antichain. But then
h(s ∪ t) = a−1g(s) <e g(s).

Now, since g is a minimal bad map and g ⊏ h, h has to be good. Thus there exist
s∪t◁s′∪t′ ∈ D such that h(s∪t) ≤e h(s

′∪t′), i.e. a−1g(s) ≤e a
−1g(s′). But then

also g(s) ≤e g(s
′). Since s∪ t◁s′∪ t′, for m < n we can write s∪ t = {i1, . . . , im},

s′ ∪ t′ = {i2, . . . , in}. Since s ∪ t ∈ C2, s ◁ t in C and thus for l < m < n,
s = {i1, . . . , il}, t = {i2, . . . , im}. Obviously t ≺ s′ ∪ t′, but also s′ ≺ s′ ∪ t′. Since
t and s′ are both in C and C is an antichain, it must be t = s′ and hence s◁ s′.
That means we have found s ◁ s′ in C such that g(s) ≤e g(s

′). But in this case
the map g is good, contradicting the minimal badness of g. Hence there cannot
exist bad A∗-arrays and therefore A∗ is bqo.

6.4 Dickson’s ordering

The set Nm
0 of vectors of natural numbers of some fixed length m is ordered by

(a1, . . . , am) ≤ (b1, . . . , bm) if ai ≤ bi for all i ∈ {1, . . . ,m}. In 1913, L.E. Dickson
proved that (Nm

0 ,≤) has no infinite antichains [Dic13]. From Theorem 6.3.1 it
can be derived easily that also (Nm

0 ,≤) is bqo, using quasi-embeddings.
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Definition 6.4.1. [AH07] Let A = (A,≤A) and B = (B,≤B) be partially ordered
sets. A mapping f : A → B is a quasi-embedding from A into B if for all
a1, a2 ∈ A : f(a1) ≤B f(a2) ⇒ a1 ≤A a2.

Lemma 6.4.2 ([AH07, Lem. 5.3]). Let (S,≤S) and (T,≤T ) be ordered sets. If
there exists a quasi-embedding S → T and T is bqo, then S is bqo.

Proof:

Let ϕ : S → T be a quasi-embedding and let g : B → S be an S-array (i.e. a
function from a barrier to the set S). Then ϕ ◦ g : B → T is a T -array. Since T is
Nash-Williams, there exist b1, b2 ∈ B with b1 ◁ b2 and ϕ(g(b1)) ≤T ϕ(g(b2)). But
since ϕ is a quasi-embedding, also g(b1) ≤S g(b2) holds. [AH07, p. 14]

Lemma 6.4.3 ([AA18]). There exists a quasi-embedding from (Nm
0 ,≤) to (A∗,≤e).

Proof:

We construct a quasi-embedding f from (Nm
0 ,≤) into ({1, . . . ,m}∗,≤e) by

f(x1, . . . , xm) := 11 . . . 1  
x1

22 . . . 2  
x2

. . .mm . . .m  
xm

= 1x12x2 . . .mxm

for all (x1, . . . , xm) ∈ Nm
0 .

Now if 1x12x2 . . .mxm ≤e 1y12y2 . . .mym , then (x1, . . . , xm) ≤ (y1, . . . , ym). Thus
f is a quasi-embedding. [AA18, p. 10]

Corollary 6.4.4. (Nm
0 ,≤) is better quasi-ordered.

Proof: By Theorem 6.3.1, Lemma 6.4.2 and Lemma 6.4.3.

6.5 Another word ordering

We consider the following word ordering given in [AMM11]. Let A be a finite
set, and let B := (A × {0}) ∪ (A × {1}). We define a mapping φ : A∗ → B∗

by φ(a1, . . . , an) := (b1, . . . , bn) with bi := (ai, 0) if ai ̸∈ {a1, . . . , ai−1} and bi :=

(ai, 1) if ai ∈ {a1, . . . , ai−1}. For u = (a1, . . . , an), we use S(u) to denote the set
of letters that occur in u, formally S(u) := {ai | i ∈ {1, . . . , n}}. For u, v ∈ A∗,
we say that u ≤E v if φ(u) ≤e φ(v) and S(u) = S(v).

Theorem 6.5.1. (A∗,≤E) is better quasi-ordered.

Proof: We define a mapping f : A∗ → B∗ × P(A) by f(u) := (φ(u), S(u)). We
order the set B∗ × P(A) by (u, S) ≤ (v, T ) if u ≤e v and S = T . Then f is a
quasi-embedding from (A∗,≤E) into B∗ × P(A).
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Assume B∗ ×P(A) is not better quasi-ordered. Then there exists a barrier B on
a set X and a bad map g : B → B∗×P(A), i.e. ∄s◁ t ∈ B such that g(s) ≤ g(t).
Let g(b) = (vb, Tb) ∈ B∗×P(A). Define BP := {b ∈ B : Tb = P ∈ P(A)}. Clearly
B =

⋃
P∈P(A) BP . Since P(A) is finite, we can apply the NW barrier theorem and

thus find P̄ ∈ P(A) and an infinite subset Y of X such that BP̄ ∩ [Y ]<ω =: BY
P̄

is
a barrier on Y .

Now for s ◁ t ∈ BY
P̄
, we have g(s) ≰ g(t) by the badness of g. By definition,

Ts = Tt = P̄ and thus it must be vs ≰e vt in (B∗,≤e). But then ĝ : BY
P̄
→ B∗,

ĝ(b) = vb is a bad map from the barrier BY
P̄

into (B∗,≤e), in contradiction to
theorem 6.3.1. Thus B∗ × P(A) is bqo and so is (A∗,≤E) by Lemma 6.4.2.
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