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Lean for Scientists and Engineers 2024

1. Logic and proofs for scientists and engineers
1. Introduction to theorem proving
2. Writing proofs in Lean
3. Formalizing derivations in science and engineering

2. Functional programming in Lean 4
1. Functional vs. imperative programming
2. Numerical vs. symbolic mathematics
3. Writing executable programs in Lean

3. Provably-correct programs for scientific computing



Schedule (tentative)
July 9, 2024 Introduction to Lean and proofs

July 10, 2024 Equalities and inequalities

July 16, 2024 Proofs with structure

July 17, 2024 Proofs with structure II

July 23, 2024 Proofs about functions; types

July 24, 2024 Calculus-based-proofs

July 30-31, 2024 Prof. Josephson traveling

August 6, 2024 Functions, definitions, structures, recursion

August 8, 2024 Polymorphic functions for floats and reals, compiling Lean to C

August 13, 2024 Input / output, lists, arrays, and indexing

August 14, 2024 Lists, arrays, indexing, and matrices

August 20, 2024 LeanMD & BET Analysis in Lean

August 21, 2024 SciLean tutorial, by Tomáš Skřivan

Logic and proofs for scientists and engineers
Functional programming in Lean 4
Provably-correct programs for scientific computing

Guest instructor: Tomáš Skřivan

Content inspired by:
Mechanics of Proof, by Heather Macbeth
Functional Programming in Lean, by David Christiansen



Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality
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Impact of non-pharmaceutical interventions (NPIs) to 
reduce COVID-19 mortality and healthcare demand 

Ferguson, N.M., et al. Imperial College London COVID-19 Response Team. March 16, 2020

“SimCity without the graphics”



The war over supercooled water
Palmer, Haji-Akbari, Singh, Martelli, Car, Panagiotopoulos, Debenedetti, J Chem Phys, 2018

Smart, “The war over super-cooled water,”  Physics Today, 2018

NO
Limmer and Chandler

2011, 2013, 2016

YES
Palmer, Debenedetti, others

2014, 2018, 2018

Does the ST2 model of liquid water below the freezing 
point have a liquid-liquid critical point?

Step in simulation violated equipartition of energy
à artificially high temperature
à just one instead of two phases

Video by Kmckiern



How to ensure quality simulations?

Transparent
Reproducible
Usable by others
Extensible

Thompson, Gilmer, Matsumoto, Quach, Shamprasad, Yang, Iacovella, McCabe, Cummings, Mol Phys, 2020

Merz and Shirts, PLOS One, 2018
Automated testing for physical validityNIST Standard Reference

Simulation Website
Shen, Siderius, Krekelberg, Hatch, 2017-2024



Errors in scientific computing software
Category of 

error
Example Intervention

Syntax Not closing 
parentheses

Editor
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Errors in scientific computing software
Category of 

error
Example Intervention Lean

Syntax Not closing 
parentheses

Editor Editor

Runtime Accessing element in 
list that doesn’t exist

Run the program, program gives error 
message

Editor

Semantic Missing a minus sign, 
transposing tensor 

indices

Human inspection of the code; test-
driven development; observing 

anomalous behavior

Editor

Floating point / 
Round off

Subtracting small 
values from large 

values

Checking energy conservation
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A vision for bug-free scientific computing
Selsam, Liang, Dill, “Developing Bug-Free Machine Learning Systems with Formal Mathematics,” ICML 2017.

13



Example: mass on a spring

<latexit sha1_base64="7tz5QYRnG4phurOp6AE/I+62UTQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbArvi5CUBCPEcwDkiXMTmaTIbMz68ysGJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBzpo3rfju5hcWl5ZX8amFtfWNzq7i9U9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBtdjv/FIlWZS3JthTP0I9wQLGcHGSs0bdImOBuipUyy5ZXcCNE+8jJQgQ7VT/Gp3JUkiKgzhWOuW58bGT7EyjHA6KrQTTWNMBrhHW5YKHFHtp5N7R+jAKl0USmVLGDRRf0+kONJ6GAW2M8Kmr2e9sfif10pMeOGnTMSJoYJMF4UJR0ai8fOoyxQlhg8twUQxeysifawwMTaigg3Bm315ntSPy95Z+fTupFS5yuLIwx7swyF4cA4VuIUq1IAAh2d4hTfnwXlx3p2PaWvOyWZ24Q+czx8wX47H</latexit>

F = �kx

<latexit sha1_base64="cCq7Y1MHZl/bPRZVoinv5aetq8E=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AheHG04ttFGIricYJ7gbWMNEu3sDQtSSqO0rsXv4oXD4p49Qt489uYbgV18w+BH//neZI8fy9iVCrL+jIKc/MLi0vF5dLK6tr6hrm51ZRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7zI6q07IiQN+a0aRcQNUJ9Tn2KktNU1y1fwDO47vkA4cSIkFEUMXqY/fJ92zYpVtcaCs2DnUAG56l3z0+mFOA4IV5ghKTu2FSk3yS7EjKQlJ5YkQniI+qSjkaOASDcZ75LCXe30oB8KfbiCY/f3RIICKUeBpzsDpAZyupaZ/9U6sfJP3YTyKFaE48lDfsygCmEWDOxRQbBiIw0IC6r/CvEA6VyUjq+kQ7CnV56F5kHVPq4e3RxWaud5HEWwA8pgD9jgBNTANaiDBsDgATyBF/BqPBrPxpvxPmktGPnMNvgj4+Mb/xmacA==</latexit>

F = �@E

@xx

k <latexit sha1_base64="9kqx8OLMcjwaDoxJLDkqjCIT0Hs=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8xd3g6yIERfAYwTxgs4bZySQZMjuzzMyKYclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hTFn2rjut7OwuLS8sppby69vbG5tF3Z261omitAakVyqZog15UzQmmGG02asKI5CThvh4HrsNx6p0kyKezOMaRDhnmBdRrCxkn+DLtHguIyeHsrtQtEtuROgeeJlpAgZqu3CV6sjSRJRYQjHWvueG5sgxcowwuko30o0jTEZ4B71LRU4ojpIJyeP0KFVOqgrlS1h0ET9PZHiSOthFNrOCJu+nvXG4n+en5juRZAyESeGCjJd1E04MhKN/0cdpigxfGgJJorZWxHpY4WJsSnlbQje7MvzpF4ueWel07uTYuUqiyMH+3AAR+DBOVTgFqpQAwISnuEV3hzjvDjvzse0dcHJZvbgD5zPH817j6g=</latexit>

E = k/2x2

In Python In Lean

14

def force (k x : ℝ) : ℝ := -k * x
def energy (k x : ℝ) : ℝ := k/2*x^2

theorem force_is_derivative_of_energy :
∀ x : ℝ, deriv (fun x => energy k x) x = - force k x := by
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Adsorption

<latexit sha1_base64="tFJ2IASNbhZYMojXySvbbQG2Ig8="></latexit>

Freundlich q = KFpn

Langmuir q = qmaxKLp
1+KLp

BET q = qmcBETp
(p0�p)(1+(cBET�1)(p/p0))

Toth q = qmaxp
(b+pt)1/t

Fowler-Guggenheim KFGp = ✓
1�✓ exp

�
2✓w
RT

�

<latexit sha1_base64="JtV5veKRu53V2/zMSk42aWpuEBM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoOgl7AbRD0GvXiMYh6QLKF3MpsMmX0wMyuGJeAHeNVP8CZe/RW/wN9wkuzBJBY0FFXddHd5seBK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFSWSsjqNRCRbHiomeMjqmmvBWrFkGHiCNb3hzcRvPjKpeBQ+6FHM3AD7Ifc5RW2kezzrFkt22Z6CLBMnIyXIUOsWfzq9iCYBCzUVqFTbsWPtpig1p4KNC51EsRjpEPusbWiIAVNuOr10TE6M0iN+JE2FmkzVvxMpBkqNAs90BqgHatGbiP957UT7V27KwzjRLKSzRX4iiI7I5G3S45JRLUaGIJXc3EroACVSbcKZ29KXGA84fRqbZJzFHJZJo1J2LsqVu/NS9TrLKA9HcAyn4MAlVOEWalAHCj68wCu8Wc/Wu/Vhfc5ac1Y2cwhzsL5+ATChlmA=</latexit>

a)
<latexit sha1_base64="XvdM6XomzOCdCarwT156r6u1d24=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoOgl7AbRD0GvXiMYh6QLGF2MpsMmZ1ZZmbFsAT8AK/6Cd7Eq7/iF/gbTpI9mMSChqKqm+6uIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbyZ+85EqzaR4MKOY+hHuCxYygo2V7oOzbrHklt0p0DLxMlKCDLVu8afTkySJqDCEY63bnhsbP8XKMMLpuNBJNI0xGeI+bVsqcES1n04vHaMTq/RQKJUtYdBU/TuR4kjrURTYzgibgV70JuJ/Xjsx4ZWfMhEnhgoyWxQmHBmJJm+jHlOUGD6yBBPF7K2IDLDCxNhw5rb0FY4HjDyNbTLeYg7LpFEpexflyt15qXqdZZSHIziGU/DgEqpwCzWoA4EQXuAV3pxn5935cD5nrTknmzmEOThfvzI7lmE=</latexit>

b)
<latexit sha1_base64="2OXwWsIYw7uteGJw/W6Q/NDA9Ew=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoOgl7AbRD0GvXiMYh6QLGF2MpsMmZ1ZZmbFsAT8AK/6Cd7Eq7/iF/gbTpI9mMSChqKqm+6uIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbyZ+85EqzaR4MKOY+hHuCxYygo2V7slZt1hyy+4UaJl4GSlBhlq3+NPpSZJEVBjCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti0VOKLaT6eXjtGJVXoolMqWMGiq/p1IcaT1KApsZ4TNQC96E/E/r52Y8MpPmYgTQwWZLQoTjoxEk7dRjylKDB9Zgoli9lZEBlhhYmw4c1v6CscDRp7GNhlvMYdl0qiUvYty5e68VL3OMsrDERzDKXhwCVW4hRrUgUAIL/AKb86z8+58OJ+z1pyTzRzCHJyvXzPVlmI=</latexit>

c)
<latexit sha1_base64="rJKcAtkFA3W01KInRoKqff4k//Y=">AAAB/nicbVDLSsNAFL2pr1pfVZduBougm5IUUZdFNy6r2Ae0oUwmk3boZBJmJmIJBT/ArX6CO3Hrr/gF/obTNAvbeuDC4Zx7ufceL+ZMadv+tgorq2vrG8XN0tb2zu5eef+gpaJEEtokEY9kx8OKciZoUzPNaSeWFIcep21vdDP1249UKhaJBz2OqRvigWABI1gb6d4/65crdtXOgJaJk5MK5Gj0yz89PyJJSIUmHCvVdexYuymWmhFOJ6VeomiMyQgPaNdQgUOq3DS7dIJOjOKjIJKmhEaZ+ncixaFS49AznSHWQ7XoTcX/vG6igys3ZSJONBVktihIONIRmr6NfCYp0XxsCCaSmVsRGWKJiTbhzG0ZSBwPGXmamGScxRyWSatWdS6qtbvzSv06z6gIR3AMp+DAJdThFhrQBAIBvMArvFnP1rv1YX3OWgtWPnMIc7C+fgE1b5Zj</latexit>

d)

<latexit sha1_base64="LXrHSDRf2n5e1Ab5fzDRH8oKAMY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoOgl7AbRD0GvXiMYh6QLGF20psMmX0wMyuGJeAHeNVP8CZe/RW/wN9wkuzBJBY0FFXddHd5seBK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xveTPzmI0rFo/BBj2J0A9oPuc8Z1Ua6x7NusWSX7SnIMnEyUoIMtW7xp9OLWBJgqJmgSrUdO9ZuSqXmTOC40EkUxpQNaR/bhoY0QOWm00vH5MQoPeJH0lSoyVT9O5HSQKlR4JnOgOqBWvQm4n9eO9H+lZvyME40hmy2yE8E0RGZvE16XCLTYmQIZZKbWwkbUEmZNuHMbelLGg84exqbZJzFHJZJo1J2LsqVu/NS9TrLKA9HcAyn4MAlVOEWalAHBj68wCu8Wc/Wu/Vhfc5ac1Y2cwhzsL5+ATcJlmQ=</latexit>

e)

When molecules from a gas or liquid “stick” onto a solid material



…

What is “theory”?

<latexit sha1_base64="hD81lTDbOPr9zF1doknLtvE+qlo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol6EYi8eK9gPaGPYbDft0s0m7G7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKK6tr6xvFzdLW9s5u2d7bb6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GNWnfvuBSsVicafHCfUiPBAsZARrI/l2WfkMXaE6erxnSPmOb1ecqjMDWiZuTiqQo+HbX71+TNKICk04VqrrOon2Miw1I5xOSr1U0QSTER7QrqECR1R52ezwCTo2Sh+FsTQlNJqpvycyHCk1jgLTGWE9VIveVPzP66Y6vPQyJpJUU0Hmi8KUIx2jaQqozyQlmo8NwUQycysiQywx0SarkgnBXXx5mbROq+559ez2rFK7zuMowiEcwQm4cAE1uIEGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz+cc5HG</latexit>

si = Cxis0

<latexit sha1_base64="2o76Qx80IizrHGEIZSgOlfNCJXs=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuilU3bisYB/QxDCZTtqhM5MwMymE0JUbf8WNC0Xc+g3u/Bunj4W2HrhwOOde7r0nTBhV2nG+raXlldW19cJGcXNre2fX3ttvqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUObsZ+a0ikorG411lCfI56gkYUI22kwD66glU4DBzoqZQHOa06owePikhnUAU0sEtO2ZkALhJ3Rkpghnpgf3ndGKecCI0ZUqrjOon2cyQ1xYyMil6qSILwAPVIx1CBOFF+PnljBE+M0oVRLE0JDSfq74kccaUyHppOjnRfzXtj8T+vk+ro0s+pSFJNBJ4uilIGdQzHmcAulQRrlhmCsKTmVoj7SCKsTXJFE4I7//IiaZ6V3fNy5a5Sql3P4iiAQ3AMToELLkAN3II6aAAMHsEzeAVv1pP1Yr1bH9PWJWs2cwD+wPr8AWITl9Y=</latexit>

A = v0

1X

i=0

si

<latexit sha1_base64="nK8Iht/FBGdL6mgQYtyVcg6Oudc=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkqJtC0Y3LCvYBTQyT6aQdOjMJM5NCCF268VfcuFDErZ/gzr9x+lho64ELh3Pu5d57woRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weDPx2yMiFY3Fvc4S4nPUFzSiGGkjBfbxCNbgKHCgp1Ie5LTmjB88KiKdQQpVQAO77FScKeAyceekDOZoBPaX14txyonQmCGluq6TaD9HUlPMyLjkpYokCA9Rn3QNFYgT5efTR8bw1Cg9GMXSlNBwqv6eyBFXKuOh6eRID9SiNxH/87qpjq78nIok1UTg2aIoZVDHcJIK7FFJsGaZIQhLam6FeIAkwtpkVzIhuIsvL5PWecW9qFTvquX69TyOIjgCJ+AMuOAS1MEtaIAmwOARPINX8GY9WS/Wu/Uxay1Y85lD8AfW5w/mVpio</latexit>

v = v0

1X

i=0

isi

<latexit sha1_base64="JQ2cp1V3/3mHOgO72AXE+bFAnIg=">AAACGnicbVBNS8NAEN3Ur1q/oh69DBahRVoTKepFEL14VLC20Iaw2W7apZtk2d0USujv8OJf8eJBEW/ixX/jtvagrQ8GHu/NMDMvEJwp7ThfVm5hcWl5Jb9aWFvf2Nyyt3fuVZJKQusk4YlsBlhRzmJa10xz2hSS4ijgtBH0r8Z+Y0ClYkl8p4eCehHuxixkBGsj+bY7gHNohxKTbOBHQECMspLwHaiAKEPLhUMoEai45ZI4MnLZG/l20ak6E8A8caekiKa48e2PdichaURjTThWquU6QnsZlpoRTkeFdqqowKSPu7RlaIwjqrxs8toIDozSgTCRpmINE/X3RIYjpYZRYDojrHtq1huL/3mtVIdnXsZikWoak59FYcpBJzDOCTpMUqL50BBMJDO3Aulhk5M2aRZMCO7sy/Pk/rjqnlRrt7XixeU0jjzaQ/uohFx0ii7QNbpBdUTQA3pCL+jVerSerTfr/ac1Z01ndtEfWJ/fK4+ckA==</latexit>

v =
vmcp

(p0 � p)[1 + (c� 1)(p/p0)]
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…

Defining a model

Expressing terms mathematically

Specifying variables

Making assumptions

Deriving new terms

Relating to other theories

What is “theory”?



Making scientific theories executable
Excerpt from informal derivation

in Langmuir, JACS, 1918
Formal derivation in Lean

24



Proposition
5 premises conjectureimply

Derivations in science are math proofs

Langmuir Adsorption
Langmuir, JACS, 1918

Proof ü _____
ü _____
ü _____
ü _____

Derivation using algebraic manipulations 
(substitution, cancelling terms, etc.)

Theorem

Proposition is TRUE

<latexit sha1_base64="AB5kYicBKZoy/SfXK0dcDZCOrEk="></latexit>

A1. Site balance: S0 = S + Sa

A2. Adsorption rate model: rads = kads · p · S
A3. Desorption rate model: rdes = kdes · Sa

A4. Equilibrium assumption: rads = rdes

A5. Mass balance q = Sa

<latexit sha1_base64="5Silut7701UWfqQqFKjm+7OIsug=">AAACEHicbVDLSgMxFM34rPU16tJNsIiCUGbE10YouhHcVLQPaIchk2ba0EwmTTJCGeYT3Pgrblwo4talO//G9CFo64ELJ+fcS+49gWBUacf5smZm5+YXFnNL+eWV1bV1e2OzquJEYlLBMYtlPUCKMMpJRVPNSF1IgqKAkVrQvRz4tXsiFY35ne4L4kWozWlIMdJG8u29HjyHzVAinN76DoTXfkp6GYQiS1148PMUmW8XnKIzBJwm7pgUwBhl3/5stmKcRIRrzJBSDdcR2kuR1BQzkuWbiSIC4S5qk4ahHEVEeenwoAzuGqUFw1ia4hoO1d8TKYqU6keB6YyQ7qhJbyD+5zUSHZ55KeUi0YTj0UdhwqCO4SAd2KKSYM36hiAsqdkV4g4y6WiTYd6E4E6ePE2qh0X3pHh8c1QoXYzjyIFtsAP2gQtOQQlcgTKoAAwewBN4Aa/Wo/VsvVnvo9YZazyzBf7A+vgGc4Ca/w==</latexit>

q =
S0Keqp

1 +Keqp

25



Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality



Handwritten proofs Formal proofs

Informal syntax

Only readable for human

Might exclude information

Might contain mistakes

Requires humans to proofread

Easy to write

Strict, computer language syntax

Machine-readable and executable

Cannot miss assumptions or steps

Rigorously verified by computer

Automated proof checking

Challenging to write

Two kinds of math proofs
Thomas C Hales. Formal proof. Notices of the AMS, 2008. 
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The axiomatic perspective: Principia Mathematica

Precisely express mathematics in symbolic logic
Minimize number of axioms and inference rules

Alfred North Whitehead and Bertrand Russell, 1910-1927

Volume II, page 86: 1 + 1 = 2
“The above proposition is occasionally useful. 

It is used at least three times.”

28



Zermelo-Frenkel set theory (1922)

1. Extensionality
2. Regularity
3. Specification
4. Pairing
5. Union
6. Replacement
7. Infinity
8. Power set
9. Well-ordering
10. Choice

~Any mathematical
expression and proof

29



Zermelo-Frenkel set theory (1922)

1. Extensionality
2. Regularity
3. Specification
4. Pairing
5. Union
6. Replacement
7. Infinity
8. Power set
9. Well-ordering
10. Choice

~Any mathematical
expression and proof

1. Two sets are equal if they 
have the same elements.

7. There exists a set having 
infinitely many members

4. If x and y are sets, then 
there exists a set which 
contains x and y as elements. 

30



How to count with sets

<latexit sha1_base64="KLFk6GkkmQmUFtxxKgeYtp+Tq5M=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjPidgx68RjBLJAMoadTSZr0LHTXiOMQ/BUvHhTx6n9482/sJHPQxAcFj/eqqKrnx1JodJxva2FxaXlltbBWXN/Y3Nq2d3brOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+vx37jHpQWUXiHaQxewPqh6AnO0Egde7+N8IAZDoBCEGNKNeCoY5ecsjMBnSduTkokR7Vjf7W7EU8CCJFLpnXLdWL0MqZQcAmjYjvREDM+ZH1oGRqyALSXTa4f0SOjdGkvUqZCpBP190TGAq3TwDedAcOBnvXG4n9eK8HepZeJME4QQj5d1EskxYiOo6BdoYCjTA1hXAlzK+UDphhHE1jRhODOvjxP6idl97x8dntaqlzlcRTIATkkx8QlF6RCbkiV1Agnj+SZvJI368l6sd6tj2nrgpXP7JE/sD5/APgjlZI=</latexit>

the empty set
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How to count with sets
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How to count with sets
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Constructing the natural numbers with set theory
<latexit sha1_base64="Bs2vGAs7990m85QX83px+p2mwUI="></latexit>

0 = {} = Ø,
1 = {0} = {Ø},
2 = {0, 1} = {Ø, {Ø}},
3 = {0, 1, 2} = {Ø, {Ø}, {Ø, {Ø}}}
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Constructing the natural numbers with set theory
<latexit sha1_base64="Bs2vGAs7990m85QX83px+p2mwUI="></latexit>

0 = {} = Ø,
1 = {0} = {Ø},
2 = {0, 1} = {Ø, {Ø}},
3 = {0, 1, 2} = {Ø, {Ø}, {Ø, {Ø}}}

Formal definition of counting
is “succession”

<latexit sha1_base64="+152e9aKZQjw3dCrlfyp3zONMgg=">AAAB/XicbZDLSsNAFIYn9VbjLV52bgaLUDclKd42QtGNy0rtBZpQJtNJO3QyCTMToYbiq7hxoYhb38Odb+OkzUJbfxj4+M85nDO/HzMqlW1/G4Wl5ZXVteK6ubG5tb1j7e61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PbrJ6+4EISSN+r8Yx8UI04DSgGClt9ayDRtk+gVfQga5rNspOxtWeVbIr9lRwEZwcSiBXvWd9uf0IJyHhCjMkZdexY+WlSCiKGZmYbiJJjPAIDUhXI0chkV46vX4Cj7XTh0Ek9OMKTt3fEykKpRyHvu4MkRrK+Vpm/lfrJiq49FLK40QRjmeLgoRBFcEsCtingmDFxhoQFlTfCvEQCYSVDszUITjzX16EVrXinFfO7k5Ltes8jiI4BEegDBxwAWrgFtRBE2DwCJ7BK3gznowX4934mLUWjHxmH/yR8fkDfHmRZQ==</latexit>

S(0) = 1

S(1) = 2
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Constructing the natural numbers with set theory
<latexit sha1_base64="Bs2vGAs7990m85QX83px+p2mwUI="></latexit>

0 = {} = Ø,
1 = {0} = {Ø},
2 = {0, 1} = {Ø, {Ø}},
3 = {0, 1, 2} = {Ø, {Ø}, {Ø, {Ø}}}

Formal definition of counting
is “succession”

<latexit sha1_base64="+152e9aKZQjw3dCrlfyp3zONMgg=">AAAB/XicbZDLSsNAFIYn9VbjLV52bgaLUDclKd42QtGNy0rtBZpQJtNJO3QyCTMToYbiq7hxoYhb38Odb+OkzUJbfxj4+M85nDO/HzMqlW1/G4Wl5ZXVteK6ubG5tb1j7e61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PbrJ6+4EISSN+r8Yx8UI04DSgGClt9ayDRtk+gVfQga5rNspOxtWeVbIr9lRwEZwcSiBXvWd9uf0IJyHhCjMkZdexY+WlSCiKGZmYbiJJjPAIDUhXI0chkV46vX4Cj7XTh0Ek9OMKTt3fEykKpRyHvu4MkRrK+Vpm/lfrJiq49FLK40QRjmeLgoRBFcEsCtingmDFxhoQFlTfCvEQCYSVDszUITjzX16EVrXinFfO7k5Ltes8jiI4BEegDBxwAWrgFtRBE2DwCJ7BK3gznowX4934mLUWjHxmH/yR8fkDfHmRZQ==</latexit>

S(0) = 1

S(1) = 2

<latexit sha1_base64="jveRNecxpSBWvdavHYjunVuQh6s=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjSupYB/YDiWTpm1oJjMkd4Qy9C/cuFDErX/jzr8x085CqwcCh3PuJeeeIJbCoOt+OYWl5ZXVteJ6aWNza3unvLvXNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMrzO/9ci1EZG6x0nM/ZAOlRgIRtFKD92Q4igI0ttpr1xxq+4M5C/xclKBHPVe+bPbj1gScoVMUmM6nhujn1KNgkk+LXUTw2PKxnTIO5YqGnLjp7PEU3JklT4ZRNo+hWSm/txIaWjMJAzsZJbQLHqZ+J/XSXBw6adCxQlyxeYfDRJJMCLZ+aQvNGcoJ5ZQpoXNStiIasrQllSyJXiLJ/8lzZOqd149uzut1K7yOopwAIdwDB5cQA1uoA4NYKDgCV7g1THOs/PmvM9HC06+sw+/4Hx8A7qLkPg=</latexit>N

Natural numbers are defined recursively 
using succession and the empty set

<latexit sha1_base64="OpP0CsbJaMhIPdPWRIgnVAghts0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA/ILmF2MkmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dYSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkgNl0LxOgqUvJVoTqNQ8mY4vJ34zSeujYjVA44SHkS0r0RPMIpWarnkmviZP+6Uym7FnYIsEi8nZchR65S+/G7M0ogrZJIa0/bcBIOMahRM8nHRTw1PKBvSPm9bqmjETZBN7x2TY6t0SS/WthSSqfp7IqORMaMotJ0RxYGZ9ybif147xd5VkAmVpMgVmy3qpZJgTCbPk67QnKEcWUKZFvZWwgZUU4Y2oqINwZt/eZE0TiveReX8/qxcvcnjKMAhHMEJeHAJVbiDGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/0VaPMQ==</latexit>

0 = {}
<latexit sha1_base64="b1gz5rerirCsD709+VQJK/VPPic=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoCGVGfG2EohuXFe0DOkPJpGkbmskMSUYoQxdu/BU3LhRx60e4829M21lo64HLPZxzL8k9QcyZ0o7zbS0sLi2vrObW8usbm1vb9s5uXUWJJLRGIh7JZoAV5UzQmmaa02YsKQ4DThvB4HrsNx6oVCwS93oYUz/EPcG6jGBtpLZdEOgIuegS3ZXEoWkCeSSJkZcKb9S2i07ZmQDNEzcjRchQbdtfXiciSUiFJhwr1XKdWPsplpoRTkd5L1E0xmSAe7RlqMAhVX46OWKEDozSQd1ImhIaTdTfGykOlRqGgZkMse6rWW8s/ue1Et298FMm4kRTQaYPdROOdITGiaAOk5RoPjQEE8nMXxHpY4mJNrnlTQju7MnzpH5cds/Kp7cnxcpVFkcOCrAPJXDhHCpwA1WoAYFHeIZXeLOerBfr3fqYji5Y2c4e/IH1+QMoopVJ</latexit>

n+ 1 = S(n) = n [ {n}
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Defining math operations

Addition isn’t a stand-alone rule; we define it using the axioms and rules of logic
Addition is built on top of succession
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Defining math operations

Addition isn’t a stand-alone rule; we define it using the axioms and rules of logic
Addition is built on top of succession, being defined recursively as

<latexit sha1_base64="gTprzipvQhz6SD9DmtP/0CAr6i4="></latexit>

m+ 0 = m,
m+ S(n) = S(m+ n)
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Defining math operations

Multiplication is built on top of addition, defined recursively as 
<latexit sha1_base64="TIi7WzQJF4Z6BOj9oB4iRH6S+x4="></latexit>

m ⇤ 0 = 0,
m ⇤ S(n) = m ⇤ n+m
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How do we actually construct mathematics?

1. Extensionality
2. Regularity
3. Specification
4. Pairing
5. Union
6. Replacement
7. Infinity
8. Power set
9. Well-ordering
10. Choice

~Any mathematical
expression and proof

“A wide gulf separates 
traditional proof from 
formal proof.”

– Thomas Hales, 2008

40



Proving theorems with computers

1954
Davis

First proof that 
sum of even 

numbers is even

1968
de Bruijn

Construction of 
real numbers using 

Dedekind cuts
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Proving theorems with computers

1954
Davis

First proof that 
sum of even 

numbers is even

1968
de Bruijn

Construction of 
real numbers using 

Dedekind cuts

1977
Appel, Haken, Koch

Four color
theorem

(brute force)

1,482 reducible 
configurations 

checked one-by-one 
by computer
>400 pages! 
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Proving theorems with computers

1954
Davis

First proof that 
sum of even 

numbers is even

1968
de Bruijn

Construction of 
real numbers using 

Dedekind cuts

1977
Appel, Haken, Koch

Four color
theorem

(brute force)

1996
Harrison

Fundamental 
theorem of 

integral calculus

1986
Shankar

Gödel’s first 
incompleteness 

theorem

1980s
New software: HOL and Coq
Type theory becomes more 

popular among theorem 
provers than set theory
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Proving theorems with computers

1954
Davis

First proof that 
sum of even 

numbers is even

1968
de Bruijn

Construction of 
real numbers using 

Dedekind cuts

2004
Gonthier

Four color 
theorem 

(axiomatic)

1977
Appel, Haken, Koch

Four color
theorem

(brute force)

“[The two proofs] differ in the same 
way that adding 1+1=2 on a calculator 
differs from the mathematical 
justification of 1+1=2 by definitions, 
recursions, and a rigorous construction 
of the natural numbers.”

Thomas Hales, 2008

1996
Harrison

Fundamental 
theorem of 

integral calculus

1986
Shankar

Gödel’s first 
incompleteness 

theorem
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Proving theorems with computers

1954
Davis

First proof that 
sum of even 

numbers is even

1968
de Bruijn

Construction of 
real numbers using 

Dedekind cuts

1998
Hales, Ferguson

Kepler
conjecture

(brute force)

2017
Hales, et al. 

Kepler
conjecture
(axiomatic)

1996
Harrison

Fundamental 
theorem of 

integral calculus

1986
Shankar

Gödel’s first 
incompleteness 

theorem
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Proving theorems with computers

1954
Davis

First proof that 
sum of even 

numbers is even

1968
de Bruijn

Construction of 
real numbers using 

Dedekind cuts

2019
Buzzard, 

Commelin, 
Massot

Perfectoid 
spaces

formalized

2004
Gonthier

Four color 
theorem 

(axiomatic)

1998
Hales, Ferguson

Kepler
conjecture

(brute force)

2017
Hales, et al. 

Kepler
conjecture
(axiomatic)

1977
Appel, Haken, Koch

Four color
theorem

(brute force)

1996
Harrison

Fundamental 
theorem of 

integral calculus

1986
Shankar

Gödel’s first 
incompleteness 

theorem

2012
Scholze

Perfectoid 
spaces 

introduced
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Formalizing Perfectoid Spaces 

Visualizing the definitions and theorems 
required to establish perfectoid spaces, by 

Patrick Massot

“To define a perfectoid space, the three mathematicians had to combine 
more than 3,000 definitions of other mathematical objects and 30,000 
connections between them. The definitions sprawled across many areas of 
math, from algebra to topology to geometry.”
 from “Building the mathematical library of the future”, Kevin Hartnett, 

Quanta magazine, 10/01/2020

P. Scholze. Perfectoid spaces. arXiv:1111.4914, 2011.
K. Buzzard, J. Commelin, and P. Massot. ACM SIGPLAN, 2020. 

Perfectoid spaces: 2018 Fields Medal
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Faster than peer review?

In early 2022, Thomas Bloom solved a problem posed by 
Paul Erdo ̋s and Ronald Graham.

The headline in Quanta read “Math’s ‘Oldest Problem Ever’ 
Gets a New Answer.”

Within in a few months, Bloom and Bhavik Mehta verified 
the correctness of the proof in Lean.

Example highlighted by Jeremy Avigad at ASL
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Faster than peer review?

Example highlighted by Jeremy Avigad at ASL

49



Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality



Lean theorem prover and programming language

Mathematics constructed from dependent type theory
Trusted kernel with just 6k lines of code
 à >150k theorems
 à >1.5 million lines of verified proofs
Tactics to facilitate proof automation
Compile Lean code to efficient C code

Coquand and Huet, PhD thesis, INRIA, 1986.
de Moura, Kong, Avigad, van Doorn, von Raumer, CADE 25, 2015.

“We’re going to digitize mathematics, and 
it’s going to make it better.”
– Kevin Buzzard, Imperial College London
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Lean’s mathematical library: Mathlib

What do we need for the real numbers? Real numbers include



Lean’s mathematical library: Mathlib

What do we need for the real numbers?
import Mathlib.Data.Real.Basic

Real numbers include



Lean’s mathematical library: Mathlib

What do we need for the real numbers?

What about Stirling’s Approximation?
https://en.wikipedia.org/wiki/Stirling's_approximation 

<latexit sha1_base64="qUcZLYrF9qXCqeINUMig27LLwFs=">AAACFHicbVDLSsNAFJ3UV62vqEs3o0VoKZZEfG2Eoht3VrAPaEKZTKft0MkkzEyEEvoRbvwVNy4UcevCnX/jJM1CWw/c4XDOvcy9xwsZlcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGUQCUwaOGCBaHtIEkY5aSiqGGmHgiDfY6Tlja4Tv/VAhKQBv1fjkLg+GnDapxgpLXXNisN4ie+X4SXkUHP9HumqQMdHaogRi28npVQvw65ZtKpWCjhP7IwUQYZ61/xyegGOfMIVZkjKjm2Fyo2RUBQzMik4kSQhwiM0IB1NOfKJdOP0qAk81EoP9gOhiyuYqr8nYuRLOfY93ZmsKme9RPzP60Sqf+HGlIeRIhxPP+pHDKoAJgnBHhUEKzbWBGFB9a4QD5FAWOkcCzoEe/bkedI8rtpn1dO7k2LtKosjD/bAASgBG5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrTkjm9kFf2B8/gBILptA</latexit>

ln(n!) = n lnn� n+O(lnn)

import Mathlib.Data.Real.Basic

Real numbers include

https://en.wikipedia.org/wiki/Stirling's_approximation


Lean’s mathematical library: Mathlib

What do we need for the real numbers?

What about Stirling’s Approximation?
https://en.wikipedia.org/wiki/Stirling's_approximation 

<latexit sha1_base64="qUcZLYrF9qXCqeINUMig27LLwFs=">AAACFHicbVDLSsNAFJ3UV62vqEs3o0VoKZZEfG2Eoht3VrAPaEKZTKft0MkkzEyEEvoRbvwVNy4UcevCnX/jJM1CWw/c4XDOvcy9xwsZlcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGUQCUwaOGCBaHtIEkY5aSiqGGmHgiDfY6Tlja4Tv/VAhKQBv1fjkLg+GnDapxgpLXXNisN4ie+X4SXkUHP9HumqQMdHaogRi28npVQvw65ZtKpWCjhP7IwUQYZ61/xyegGOfMIVZkjKjm2Fyo2RUBQzMik4kSQhwiM0IB1NOfKJdOP0qAk81EoP9gOhiyuYqr8nYuRLOfY93ZmsKme9RPzP60Sqf+HGlIeRIhxPP+pHDKoAJgnBHhUEKzbWBGFB9a4QD5FAWOkcCzoEe/bkedI8rtpn1dO7k2LtKosjD/bAASgBG5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrTkjm9kFf2B8/gBILptA</latexit>

ln(n!) = n lnn� n+O(lnn)

import Mathlib.Analysis.SpecialFunctions.Stirling

import Mathlib.Data.Real.Basic

Real numbers include

https://en.wikipedia.org/wiki/Stirling's_approximation


Lean’s mathematical library: Mathlib

What do we need for the real numbers?

What about Stirling’s Approximation?
https://en.wikipedia.org/wiki/Stirling's_approximation 

<latexit sha1_base64="qUcZLYrF9qXCqeINUMig27LLwFs=">AAACFHicbVDLSsNAFJ3UV62vqEs3o0VoKZZEfG2Eoht3VrAPaEKZTKft0MkkzEyEEvoRbvwVNy4UcevCnX/jJM1CWw/c4XDOvcy9xwsZlcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGUQCUwaOGCBaHtIEkY5aSiqGGmHgiDfY6Tlja4Tv/VAhKQBv1fjkLg+GnDapxgpLXXNisN4ie+X4SXkUHP9HumqQMdHaogRi28npVQvw65ZtKpWCjhP7IwUQYZ61/xyegGOfMIVZkjKjm2Fyo2RUBQzMik4kSQhwiM0IB1NOfKJdOP0qAk81EoP9gOhiyuYqr8nYuRLOfY93ZmsKme9RPzP60Sqf+HGlIeRIhxPP+pHDKoAJgnBHhUEKzbWBGFB9a4QD5FAWOkcCzoEe/bkedI8rtpn1dO7k2LtKosjD/bAASgBG5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrTkjm9kFf2B8/gBILptA</latexit>

ln(n!) = n lnn� n+O(lnn)

https://eric-wieser.github.io/mathlib-import-graph/ 

import Mathlib.Analysis.SpecialFunctions.Stirling

import Mathlib.Data.Real.Basic

Real numbers include

https://en.wikipedia.org/wiki/Stirling's_approximation
https://eric-wieser.github.io/mathlib-import-graph/


Boyle’s Law

Prove that an ideal gas 
follows Boyle’s Law

<latexit sha1_base64="2KiKAyvX+HJBJmgDg+xg77itVFU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjlLwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGt1O/+YRK81jWzChBP6J9yUPOqLFSq9og10Q+1LrFklt2ZyDLxMtICTJUu8WvTi9maYTSMEG1bntuYvwxVYYzgZNCJ9WYUDakfWxbKmmE2h/P7p2QE6v0SBgrW9KQmfp7YkwjrUdRYDsjagZ60ZuK/3nt1IRX/pjLJDUo2XxRmApiYjJ9nvS4QmbEyBLKFLe3EjagijJjIyrYELzFl5dJ46zsXZTP789LlZssjjwcwTGcggeXUIE7qEIdGAh4hld4cx6dF+fd+Zi35pxs5hD+wPn8AZibjwo=</latexit>

PV = nRT

<latexit sha1_base64="1rcJQtdzUUwn2lb2iBZKaDhDEIk=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSUtSNUHTjMoK9QBvCZDpph04mYWailNpHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w5Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxzdzPrtByoVS8S9HqfUj/FAsIgRrI0V2GUvcFHL1BXygpqhWmBXnKozF1oFN4cK5PIC+6vXT0gWU6EJx0p1XSfV/gRLzQin01IvUzTFZIQHtGtQ4JgqfzI/fYpOjdNHUSJNCY3m7u+NCY6VGsehmYyxHqrl3sz8r9fNdHTpT5hIM00FWTwUZRzpBM1yQH0mKdF8bAATycytiAyxxESbtEomBHf5y6vQqlXd82r9rl5pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n1mRqQ==</latexit>

P1V1 = P2V2

<latexit sha1_base64="oQpgsOAOd76c/qGt8GRwmkfhqfo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/O/M4TVZrF8sFMEuoLPJQsYgQbKz3KwEPXSAa1oFxxq+4caJV4OalAjmZQ/uoPYpIKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zeqmJrvyMySQ1VJLFoijlyMRo9j0aMEWJ4RNLMFHM3orICCtMjM2oZEPwll9eJe1a1buo1u/rlcZNHkcRTuAUzsGDS2jAHTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHyYwj1c=</latexit>n1 = n2

<latexit sha1_base64="HLVZLEQID4TssluQo+gRDdN9lkg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK7S10i5LNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKPjVBHaJjGPVTfEmnImadsww2k3URSLkNOHcHw78x+eqNIsli0zSagv8FCyiBFsrPTYCjx0jVpBLShX3Ko7B1olXk4qkKMZlL/6g5ikgkpDONa657mJ8TOsDCOcTkv9VNMEkzEe0p6lEguq/Wx+8BSdWWWAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vF5qois/YzJJDZVksShKOTIxmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtkQvOWXV0mnVvUuqvX7eqVxk8dRhBM4hXPw4BIacAdNaAMBAc/wCm+Ocl6cd+dj0Vpw8plj+APn8wfWTY8j</latexit>

T1 = T2

LIVE

import Mathlib.Data.Real.Basic

-- Variables
theorem Boyle {P1 P2 V1 V2 T1 T2 n1 n2 R : ℝ}

-- Assumptions
(h1: P1*V1 = n1*R*T1)
(h2: P2*V2 = n2*R*T2)
(h3: T1=T2)
(h4: n1=n2) :

-- Conjecture
(P1*V1 = P2*V2) :=

-- Proof
by
rw [h3] at h1
rw [h4] at h1
rw [← h2] at h1
exact h1
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Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality



Can we explain chemistry to Lean?

Zulip Online Forum

59



Formalizing Chemical Physics
Bobbin, Sharlin, Feyzishendi, Dang, Wraback, Josephson, Digital Discovery, 2024

Derivations of Langmuir and BET adsorption theory

Logical connections among gas laws

Deriving the kinematic equations using calculus

60

Caution: Proofs written 
in Lean 3, not Lean 4 



Formalizing Langmuir’s theory of adsorption

Langmuir Adsorption
Langmuir, JACS, 1918

<latexit sha1_base64="AB5kYicBKZoy/SfXK0dcDZCOrEk="></latexit>

A1. Site balance: S0 = S + Sa

A2. Adsorption rate model: rads = kads · p · S
A3. Desorption rate model: rdes = kdes · Sa

A4. Equilibrium assumption: rads = rdes

A5. Mass balance q = Sa

<latexit sha1_base64="5Silut7701UWfqQqFKjm+7OIsug=">AAACEHicbVDLSgMxFM34rPU16tJNsIiCUGbE10YouhHcVLQPaIchk2ba0EwmTTJCGeYT3Pgrblwo4talO//G9CFo64ELJ+fcS+49gWBUacf5smZm5+YXFnNL+eWV1bV1e2OzquJEYlLBMYtlPUCKMMpJRVPNSF1IgqKAkVrQvRz4tXsiFY35ne4L4kWozWlIMdJG8u29HjyHzVAinN76DoTXfkp6GYQiS1148PMUmW8XnKIzBJwm7pgUwBhl3/5stmKcRIRrzJBSDdcR2kuR1BQzkuWbiSIC4S5qk4ahHEVEeenwoAzuGqUFw1ia4hoO1d8TKYqU6keB6YyQ7qhJbyD+5zUSHZ55KeUi0YTj0UdhwqCO4SAd2KKSYM36hiAsqdkV4g4y6WiTYd6E4E6ePE2qh0X3pHh8c1QoXYzjyIFtsAP2gQtOQQlcgTKoAAwewBN4Aa/Wo/VsvVnvo9YZazyzBf7A+vgGc4Ca/w==</latexit>

q =
S0Keqp

1 +Keqp

eqn. 5
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Boyle’s Law: Proof #1

Prove that an ideal gas 
follows Boyle’s Law

<latexit sha1_base64="2KiKAyvX+HJBJmgDg+xg77itVFU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjlLwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGt1O/+YRK81jWzChBP6J9yUPOqLFSq9og10Q+1LrFklt2ZyDLxMtICTJUu8WvTi9maYTSMEG1bntuYvwxVYYzgZNCJ9WYUDakfWxbKmmE2h/P7p2QE6v0SBgrW9KQmfp7YkwjrUdRYDsjagZ60ZuK/3nt1IRX/pjLJDUo2XxRmApiYjJ9nvS4QmbEyBLKFLe3EjagijJjIyrYELzFl5dJ46zsXZTP789LlZssjjwcwTGcggeXUIE7qEIdGAh4hld4cx6dF+fd+Zi35pxs5hD+wPn8AZibjwo=</latexit>

PV = nRT

<latexit sha1_base64="1rcJQtdzUUwn2lb2iBZKaDhDEIk=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSUtSNUHTjMoK9QBvCZDpph04mYWailNpHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w5Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxzdzPrtByoVS8S9HqfUj/FAsIgRrI0V2GUvcFHL1BXygpqhWmBXnKozF1oFN4cK5PIC+6vXT0gWU6EJx0p1XSfV/gRLzQin01IvUzTFZIQHtGtQ4JgqfzI/fYpOjdNHUSJNCY3m7u+NCY6VGsehmYyxHqrl3sz8r9fNdHTpT5hIM00FWTwUZRzpBM1yQH0mKdF8bAATycytiAyxxESbtEomBHf5y6vQqlXd82r9rl5pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n1mRqQ==</latexit>

P1V1 = P2V2

<latexit sha1_base64="oQpgsOAOd76c/qGt8GRwmkfhqfo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/O/M4TVZrF8sFMEuoLPJQsYgQbKz3KwEPXSAa1oFxxq+4caJV4OalAjmZQ/uoPYpIKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zeqmJrvyMySQ1VJLFoijlyMRo9j0aMEWJ4RNLMFHM3orICCtMjM2oZEPwll9eJe1a1buo1u/rlcZNHkcRTuAUzsGDS2jAHTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPHyYwj1c=</latexit>n1 = n2

<latexit sha1_base64="HLVZLEQID4TssluQo+gRDdN9lkg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK7S10i5LNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKPjVBHaJjGPVTfEmnImadsww2k3URSLkNOHcHw78x+eqNIsli0zSagv8FCyiBFsrPTYCjx0jVpBLShX3Ko7B1olXk4qkKMZlL/6g5ikgkpDONa657mJ8TOsDCOcTkv9VNMEkzEe0p6lEguq/Wx+8BSdWWWAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vF5qois/YzJJDZVksShKOTIxmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtkQvOWXV0mnVvUuqvX7eqVxk8dRhBM4hXPw4BIacAdNaAMBAc/wCm+Ocl6cd+dj0Vpw8plj+APn8wfWTY8j</latexit>

T1 = T2

import Mathlib.Data.Real.Basic

-- Variables
theorem Boyle {P1 P2 V1 V2 T1 T2 n1 n2 R : ℝ}

-- Assumptions
(h1: P1*V1 = n1*R*T1)
(h2: P2*V2 = n2*R*T2)
(h3: T1=T2)
(h4: n1=n2) :

-- Conjecture
(P1*V1 = P2*V2) :=

-- Proof
by
rw [h3] at h1
rw [h4] at h1
rw [← h2] at h1
exact h1
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Boyle’s Law: Proof #2

Specify concepts using definitions and structures so they 
can be reused in multiple proofs

<latexit sha1_base64="1rcJQtdzUUwn2lb2iBZKaDhDEIk=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFWSUtSNUHTjMoK9QBvCZDpph04mYWailNpHceNCEbc+iTvfxmmbhbb+cODjP+cwZ/4w5Uxpx/m2CmvrG5tbxe3Szu7e/oFdPmypJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxzdzPrtByoVS8S9HqfUj/FAsIgRrI0V2GUvcFHL1BXygpqhWmBXnKozF1oFN4cK5PIC+6vXT0gWU6EJx0p1XSfV/gRLzQin01IvUzTFZIQHtGtQ4JgqfzI/fYpOjdNHUSJNCY3m7u+NCY6VGsehmYyxHqrl3sz8r9fNdHTpT5hIM00FWTwUZRzpBM1yQH0mKdF8bAATycytiAyxxESbtEomBHf5y6vQqlXd82r9rl5pXOdxFOEYTuAMXLiABtyCB00g8AjP8Apv1pP1Yr1bH4vRgpXvHMEfWZ8/n1mRqQ==</latexit>

P1V1 = P2V2

<latexit sha1_base64="uwGcw4GYuWGl1g8/GzZ7y24fz2w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBaSib7aZdutmE3YlQSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0d3Mbz9xbUSiHnGc8iCmAyUiwShayW/0FGnZuiGjXrniVt05yCrxclKBHI1e+avbT1gWc4VMUmN8z00xmFCNgkk+LXUzw1PKRnTAfUsVjbkJJvOTp+TMKn0SJdqWQjJXf09MaGzMOA5tZ0xxaJa9mfif52cYXQcTodIMuWKLRVEmCSZk9j/pC80ZyrEllGlhbyVsSDVlaFMq2RC85ZdXSeui6l1Waw+1Sv02j6MIJ3AK5+DBFdThHhrQBAYJPMMrvDnovDjvzseiteDkM8fwB87nD69bkDk=</latexit>

PnVn = k
Boyle’s Law relation

Boyle’s Law relation’

https://atomslab.github.io/LeanChemicalTheories/thermodynamics/basic.html 
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https://atomslab.github.io/LeanChemicalTheories/thermodynamics/basic.html


1. Define the sequence of adsorbed layers
2. Layer 1 adsorption rate
3. Layer n adsorption rate
4. Total volume adsorbed vm

5. Total area of the surface
6. Define constant c

Also require constraints – e.g. p0 > 0

Formalizing BET Adsorption Theory

<latexit sha1_base64="hD81lTDbOPr9zF1doknLtvE+qlo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol6EYi8eK9gPaGPYbDft0s0m7G7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKK6tr6xvFzdLW9s5u2d7bb6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GNWnfvuBSsVicafHCfUiPBAsZARrI/l2WfkMXaE6erxnSPmOb1ecqjMDWiZuTiqQo+HbX71+TNKICk04VqrrOon2Miw1I5xOSr1U0QSTER7QrqECR1R52ezwCTo2Sh+FsTQlNJqpvycyHCk1jgLTGWE9VIveVPzP66Y6vPQyJpJUU0Hmi8KUIx2jaQqozyQlmo8NwUQycysiQywx0SarkgnBXXx5mbROq+559ez2rFK7zuMowiEcwQm4cAE1uIEGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz+cc5HG</latexit>

si = Cxis0

<latexit sha1_base64="2o76Qx80IizrHGEIZSgOlfNCJXs=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuilU3bisYB/QxDCZTtqhM5MwMymE0JUbf8WNC0Xc+g3u/Bunj4W2HrhwOOde7r0nTBhV2nG+raXlldW19cJGcXNre2fX3ttvqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUObsZ+a0ikorG411lCfI56gkYUI22kwD66glU4DBzoqZQHOa06owePikhnUAU0sEtO2ZkALhJ3Rkpghnpgf3ndGKecCI0ZUqrjOon2cyQ1xYyMil6qSILwAPVIx1CBOFF+PnljBE+M0oVRLE0JDSfq74kccaUyHppOjnRfzXtj8T+vk+ro0s+pSFJNBJ4uilIGdQzHmcAulQRrlhmCsKTmVoj7SCKsTXJFE4I7//IiaZ6V3fNy5a5Sql3P4iiAQ3AMToELLkAN3II6aAAMHsEzeAVv1pP1Yr1bH9PWJWs2cwD+wPr8AWITl9Y=</latexit>

A = v0

1X

i=0

si

<latexit sha1_base64="nK8Iht/FBGdL6mgQYtyVcg6Oudc=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkqJtC0Y3LCvYBTQyT6aQdOjMJM5NCCF268VfcuFDErZ/gzr9x+lho64ELh3Pu5d57woRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weDPx2yMiFY3Fvc4S4nPUFzSiGGkjBfbxCNbgKHCgp1Ie5LTmjB88KiKdQQpVQAO77FScKeAyceekDOZoBPaX14txyonQmCGluq6TaD9HUlPMyLjkpYokCA9Rn3QNFYgT5efTR8bw1Cg9GMXSlNBwqv6eyBFXKuOh6eRID9SiNxH/87qpjq78nIok1UTg2aIoZVDHcJIK7FFJsGaZIQhLam6FeIAkwtpkVzIhuIsvL5PWecW9qFTvquX69TyOIjgCJ+AMuOAS1MEtaIAmwOARPINX8GY9WS/Wu/Uxay1Y85lD8AfW5w/mVpio</latexit>

v = v0

1X

i=0

isi

<latexit sha1_base64="JQ2cp1V3/3mHOgO72AXE+bFAnIg=">AAACGnicbVBNS8NAEN3Ur1q/oh69DBahRVoTKepFEL14VLC20Iaw2W7apZtk2d0USujv8OJf8eJBEW/ixX/jtvagrQ8GHu/NMDMvEJwp7ThfVm5hcWl5Jb9aWFvf2Nyyt3fuVZJKQusk4YlsBlhRzmJa10xz2hSS4ijgtBH0r8Z+Y0ClYkl8p4eCehHuxixkBGsj+bY7gHNohxKTbOBHQECMspLwHaiAKEPLhUMoEai45ZI4MnLZG/l20ak6E8A8caekiKa48e2PdichaURjTThWquU6QnsZlpoRTkeFdqqowKSPu7RlaIwjqrxs8toIDozSgTCRpmINE/X3RIYjpYZRYDojrHtq1huL/3mtVIdnXsZikWoak59FYcpBJzDOCTpMUqL50BBMJDO3Aulhk5M2aRZMCO7sy/Pk/rjqnlRrt7XixeU0jjzaQ/uohFx0ii7QNbpBdUTQA3pCL+jVerSerTfr/ac1Z01ndtEfWJ/fK4+ckA==</latexit>

v =
vmcp

(p0 � p)[1 + (c� 1)(p/p0)]

Six main premises define the model 

https://atomslab.github.io/LeanChemicalTheories/adsorption/BETInfinite.html

<latexit sha1_base64="rSu6n9mZp9zdgw+JYGkgWiwBR84=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIqIiHohePFewHtEvJptk2NJtdkqy0LPs3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMPD8WXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Q39VtPTGkeyUcziZkXkoHkAafEWKk7HPdSnF2j8Q3CvXLFrbozoGWCc1KBHPVe+avbj2gSMmmoIFp3sBsbLyXKcCpYVuommsWEjsiAdSyVJGTaS2c3Z+jEKn0URMqWNGim/p5ISaj1JPRtZ0jMUC96U/E/r5OY4MpLuYwTwySdLwoSgUyEpgGgPleMGjGxhFDF7a2IDoki1NiYSjYEvPjyMmmeVfFFFT+cV2q3eRxFOIJjOAUMl1CDe6hDAyjE8Ayv8OYkzovz7nzMWwtOPnMIf+B8/gCazpC/</latexit>

hx1 : x < 1
<latexit sha1_base64="/6uNzs7dTYpro6GjQoB9GpKy1jA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSq4sSQi6qZQdOOygn1Ak4bJdNIOnZmEmYk0hPyAG3/FjQtF3Lp35984fSy09cCFwzn3cu89QUyJVLb9bRSWlldW14rrpY3Nre0dc3evKaNEINxAEY1EO4ASU8JxQxFFcTsWGLKA4lYwvBn7rQcsJIn4vUpj7DHY5yQkCCot+eaRKxPmZ6Tq5N3MJTxUaT7qkqobCoiyUZ45p6PcN8t2xZ7AWiTOjJTBDHXf/HJ7EUoY5gpRKGXHsWPlZVAogijOS24icQzREPZxR1MOGZZeNvkmt4610rPCSOjiypqovycyyKRMWaA7GVQDOe+Nxf+8TqLCKy8jPE4U5mi6KEyopSJrHI3VIwIjRVNNIBJE32qhAdQ5KB1gSYfgzL+8SJpnFeei4tydl2vXsziK4AAcghPggEtQA7egDhoAgUfwDF7Bm/FkvBjvxse0tWDMZvbBHxifP5f7nIY=</latexit> 1X

i=1

xi =
x

1� x <latexit sha1_base64="xRhqmxgy+hiVi2WlTfYtGb6Vsfg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyWouJBil48VrAfsF1KNk3b0GyyJLPSsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEsuAHX/XZya+sbm1v57cLO7t7+QfHwqGlUoilrUCWUbofEMMElawAHwdqxZiQKBWuFo7uZ33pi2nAlH2ESsyAiA8n7nBKwkj8cd9PK9BqPb9xuseSW3TnwKvEyUkIZ6t3iV6enaBIxCVQQY3zPjSFIiQZOBZsWOolhMaEjMmC+pZJEzATp/OQpPrNKD/eVtiUBz9XfEymJjJlEoe2MCAzNsjcT//P8BPpXQcplnACTdLGonwgMCs/+xz2uGQUxsYRQze2tmA6JJhRsSgUbgrf88ippVsreRbn6UC3VbrM48ugEnaJz5KFLVEP3qI4aiCKFntErenPAeXHenY9Fa87JZo7RHzifP0XGkJo=</latexit>

hx2 : x > 0

Mathlib has many useful theorems
Extra required conditions are made explicit in Lean

Minor logical correction to one step of the author’s reasoning
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Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality



A vision for bug-free scientific computing
Selsam, Liang, Dill, “Developing Bug-Free Machine Learning Systems with Formal Mathematics,” ICML 2017.
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Adsorption Analysis using BET Theory
Osterrieth, et al. Adv. Mat. 2022

<latexit sha1_base64="kyeDiRgwquxEKc3K4RVBuVUmitg=">AAACL3icbVBbS8MwGE29znmr+uhLcAgT2WjF24swFMTHCe4C2yhplm5haRuTdDBK/5Ev/pW9iCjiq//CbC2imwcCJ+d8h+Q7LmdUKst6NRYWl5ZXVnNr+fWNza1tc2e3LsNIYFLDIQtF00WSMBqQmqKKkSYXBPkuIw13cDPxG0MiJA2DBzXipOOjXkA9ipHSkmPetj2BcMyT+BEWuWPBEuRHCbyCqW4n8dDxE3ic3XEpVSBOfoI6lThmwSpbU8B5YmekADJUHXPc7oY48kmgMENStmyLq06MhKKYkSTfjiThCA9Qj7Q0DZBPZCee7pvAQ610oRcKfQIFp+rvRIx8KUe+qyd9pPpy1puI/3mtSHmXnZgGPFIkwOlDXsSgCuGkPNilgmDFRpogLKj+K8R9pHtQuuK8LsGeXXme1E/K9nn57P60ULnO6siBfXAAisAGF6AC7kAV1AAGT2AM3sC78Wy8GB/GZzq6YGSZPfAHxtc3DyOojw==</latexit>

p

q(p0 � p)
=

1

vm
+

c� 1

vmc

p

p0

<latexit sha1_base64="qGJr2BfNG7MrRouJGmSxxRyQAxs=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VIlNZEfG2EohuXFewD2hIm00k7dJKMM5NCCf0HN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8TijUtn2t5FZWFxaXsmu5tbWNza38ts7NRnFApMqjlgkGh6ShNGQVBVVjDS4ICjwGKl7/ZuxXx8QIWkU3qshJ+0AdUPqU4yUltz84QO8gi1fIJwM3ABiPkpM7tpFbpnOkYmLjmXyYy1Y1sjNF+ySPQGcJ05KCiBFxc1/tToRjgMSKsyQlE3H5qqdIKEoZmSUa8WScIT7qEuamoYoILKdTH4awQOtdKAfCV2hghP190SCAimHgac7A6R6ctYbi/95zVj5l+2EhjxWJMTTRX7MoIrgOCDYoYJgxYaaICyovhXiHtIBKR1jTofgzL48T2onJee8dHZ3Wihfp3FkwR7YByZwwAUog1tQAVWAwSN4Bq/gzXgyXox342PamjHSmV3wB8bnD99Wmv8=</latexit>

q =
vmcp

(p0 � p)(1 + (c� 1)(p/p0))

Linearized form

Loading = f(p)

67



Bug-Free BET Analysis

Adsorption data
Filter data to 
focus on “BET 

regime”

Linearize the 
raw data

Perform linear 
regression

Fitted 
coefficients
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Bug-Free BET Analysis

Adsorption data
Filter data to 

focus on “BET 
regime”

Linearize the 
raw data

Perform linear 
regression

Fitted 
coefficients

Proof that linear 
regression 

minimizes least 
squares error

Proof that algebra 
for linearization is 

correct

Formal proof of BET Theory

follows from a body of assumptions about  

<latexit sha1_base64="qGJr2BfNG7MrRouJGmSxxRyQAxs=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VIlNZEfG2EohuXFewD2hIm00k7dJKMM5NCCf0HN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8TijUtn2t5FZWFxaXsmu5tbWNza38ts7NRnFApMqjlgkGh6ShNGQVBVVjDS4ICjwGKl7/ZuxXx8QIWkU3qshJ+0AdUPqU4yUltz84QO8gi1fIJwM3ABiPkpM7tpFbpnOkYmLjmXyYy1Y1sjNF+ySPQGcJ05KCiBFxc1/tToRjgMSKsyQlE3H5qqdIKEoZmSUa8WScIT7qEuamoYoILKdTH4awQOtdKAfCV2hghP190SCAimHgac7A6R6ctYbi/95zVj5l+2EhjxWJMTTRX7MoIrgOCDYoYJgxYaaICyovhXiHtIBKR1jTofgzL48T2onJee8dHZ3Wihfp3FkwR7YByZwwAUog1tQAVWAwSN4Bq/gzXgyXox342PamjHSmV3wB8bnD99Wmv8=</latexit>

q =
vmcp

(p0 � p)(1 + (c� 1)(p/p0))

Proof that output corresponds 
to meaningful parameters
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Bug-Free BET Analysis

Adsorption data
Filter data to 
focus on “BET 

regime”

Linearize the 
raw data

Perform linear 
regression

Fitted 
coefficients

Proof that linear 
regression 

minimizes least 
squares error

Proof that algebra 
for linearization is 

correct

Formal proof of BET Theory

follows from a body of assumptions about  

<latexit sha1_base64="qGJr2BfNG7MrRouJGmSxxRyQAxs=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VIlNZEfG2EohuXFewD2hIm00k7dJKMM5NCCf0HN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8TijUtn2t5FZWFxaXsmu5tbWNza38ts7NRnFApMqjlgkGh6ShNGQVBVVjDS4ICjwGKl7/ZuxXx8QIWkU3qshJ+0AdUPqU4yUltz84QO8gi1fIJwM3ABiPkpM7tpFbpnOkYmLjmXyYy1Y1sjNF+ySPQGcJ05KCiBFxc1/tToRjgMSKsyQlE3H5qqdIKEoZmSUa8WScIT7qEuamoYoILKdTH4awQOtdKAfCV2hghP190SCAimHgac7A6R6ctYbi/95zVj5l+2EhjxWJMTTRX7MoIrgOCDYoYJgxYaaICyovhXiHtIBKR1jTofgzL48T2onJee8dHZ3Wihfp3FkwR7YByZwwAUog1tQAVWAwSN4Bq/gzXgyXox342PamjHSmV3wB8bnD99Wmv8=</latexit>

q =
vmcp

(p0 � p)(1 + (c� 1)(p/p0))

Proof that output corresponds 
to meaningful parameters
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Polymorphic functions to bridge floats and reals

Adsorption data
Filter data to 
focus on “BET 

regime”

Linearize the 
raw data

Perform linear 
regression

Fitted
coefficients

Proof that linear 
regression 

minimizes least 
squares error

Proof that algebra 
for linearization is 

correct

Formal proof of BET Theory

follows from a body of assumptions about  

<latexit sha1_base64="qGJr2BfNG7MrRouJGmSxxRyQAxs=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VIlNZEfG2EohuXFewD2hIm00k7dJKMM5NCCf0HN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8TijUtn2t5FZWFxaXsmu5tbWNza38ts7NRnFApMqjlgkGh6ShNGQVBVVjDS4ICjwGKl7/ZuxXx8QIWkU3qshJ+0AdUPqU4yUltz84QO8gi1fIJwM3ABiPkpM7tpFbpnOkYmLjmXyYy1Y1sjNF+ySPQGcJ05KCiBFxc1/tToRjgMSKsyQlE3H5qqdIKEoZmSUa8WScIT7qEuamoYoILKdTH4awQOtdKAfCV2hghP190SCAimHgac7A6R6ctYbi/95zVj5l+2EhjxWJMTTRX7MoIrgOCDYoYJgxYaaICyovhXiHtIBKR1jTofgzL48T2onJee8dHZ3Wihfp3FkwR7YByZwwAUog1tQAVWAwSN4Bq/gzXgyXox342PamjHSmV3wB8bnD99Wmv8=</latexit>

q =
vmcp

(p0 � p)(1 + (c� 1)(p/p0))

Proof that output corresponds 
to meaningful parameters

Polymorphic functions
Floating point numbers

Real numbers

ℝ
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Regression with Lean matches BETSI standard
Osterrieth, et al. Adv. Mat. 2022

BETSI

Lean

72



Schedule for today
1. Provably-correct scientific computing
2. Derivations in science and engineering are math proofs
3. Formalizing mathematics with computers
4. Lean 4 and Mathlib
5. Case studies in proofs: adsorption and gas law thermodynamics
6. Case study in programming: bug-free BET analysis
7. Outlook

1. LeanMD
2. LLMs for theorem proving
3. SciLib

Intermission
1. Getting connected with this course
2. Getting started with Lean
3. Proofs about equality



LeanMD: Formally-verified molecular dynamics

Execution specifications
1. Verlet algorithm is valid for 

approximating the ODEs
2. Fast Fourier Transform 

computes Fourier Transform
3. SHAKE algorithm is correct

Formal proofs that
execution is valid

Math specifications
1. Forces are gradients of energy
2. Convergence of Ewald sum
3. Energy conservation
4. Momentum conservation
5. Ergodicity

Formal proofs that
math is valid

Molecular dynamics 
represented as symbolic 

formulas

Approximation of 
symbolic formulas as 

executable code

Compiled into C code

Efficient, bug-free 
simulations

Formalization of 
statistical mechanics

Prove that MD code is 
modeling the NVE 

ensemble
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Gaps in Mathlib

• Method of Lagrange multipliers
• Maximum term method
• Much probability and statistics

But missing math can be proved and added!

75

Sometimes, very general math has been formalized, 
and specialization to useful forms is hard for non-
mathematicians (e.g. partial derivatives)



“Autocomplete” Math Olympiad proofs with AI
Han, Rute, Wu, Ayers, Polu, arXiv:2102.06203, 2022

Polu, Han, Zheng, Baksys, Babuschkin, Sutskever, arXiv:2202.01344, 2022

1. Humans wrote massive proof database

2. Humans translated Math Olympiad 
problems into formal Lean statements

3. Train AI to predict the next word in 
proof

4. Execute code as Lean to verify 
correctness (or return errors)

5. Solve Math Olympiad problems with AI!
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You can prompt ChatGPT to 
be a “Lean code assistant”



SciLib, database of formally verified science

Reaction rate theory Molecular mechanics

Fluid mechanics

Thermodynamics

Quantum mechanics

Statistical mechanics

Twitter: @trjosephson
Email: tjo@umbc.edu
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https://twitter.com/trjosephson


Schedule (tentative)
July 9, 2024 Introduction to Lean and proofs

July 10, 2024 Equalities and inequalities

July 16, 2024 Proofs with structure

July 17, 2024 Proofs with structure II

July 23, 2024 Proofs about functions; types

July 24, 2024 Calculus-based-proofs

July 30-31, 2024 Prof. Josephson traveling

August 6, 2024 Functions, definitions, structures, recursion

August 8, 2024 Polymorphic functions for floats and reals, compiling Lean to C

August 13, 2024 Input / output, lists, arrays, and indexing

August 14, 2024 Lists, arrays, indexing, and matrices

August 20, 2024 LeanMD & BET Analysis in Lean

August 21, 2024 SciLean tutorial, by Tomáš Skřivan

Logic and proofs for scientists and engineers
Functional programming in Lean 4
Provably-correct programs for scientific computing

Guest instructor: Tomáš Skřivan
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Who’s registered for LfSE?

Attending?

17 plan to attend in person

243 plan to attend online

111 just want the videos

Career stage?

27% undergraduate students

36% graduate students

29% working outside academia

Coding?

12% new to coding

10% write standalone scripts

22% comfortable writing functions

54% contributed to a collaborative 
software project

Field of study?

26% engineering

13% physical science

54% computer science

32% mathematics

14% scientific computing
Math?

79% taken / taking science core
29% independently study logic
33% taken course in logic

29% math major

Lean?

27% never heard of Lean before

40% heard of Lean, wanted to try

19% tried Lean once or twice

12% basics in proofs or programs

3% fairly proficient



Getting connected to this course

Zulip Online Forum

Chat forum (all links are here)
https://leanprover.zulipchat.com/#narrow/stream/445230-Lean-for-Scientists-and-Engineers-2024

Lean files – I’m working on getting this organized. I’d love for future classes to be organized around 
an online textbook, written in and validated by Lean. For now, they’ll be posted on Zulip prior to 
class.

Schedule
https://docs.google.com/spreadsheets/d/1ATL-RngI3IGM6uM1ZkXxQdZzYLOAxSn5ZN0MBrfq--
o/edit?gid=2038742424#gid=2038742424



Getting started with Lean

• Instructions for installing Lean locally
• https://lean-lang.org/lean4/doc/quickstart.html
• Usually, you want to install with Mathlib
• If you have problems, ask for help on Zulip! 

• Run Lean in a browser
• https://live.lean-lang.org/
• http://lean.math.hhu.de/
• Practice Lean in a pinch if local installation fails
• Show Lean to newcomers (Zulip lets you launch any snippet of Lean code in 

the browser)

https://lean-lang.org/lean4/doc/quickstart.html
https://live.lean-lang.org/
http://lean.math.hhu.de/


Most important VS Code tip

In VS Code, hover your mouse over symbols and variables to get 
information about types, order of operations, documentation on tactics, 

definitions of theorems, and links to more information

Another tip
If you lose your infoview in VS Code, don’t panic! You can get it back by 

clicking on the ∀ symbol along the tabs, then “toggle infoview”
Or, use the shortcut “shift-⌘-enter”



Proofs about equality

“Calculational”-style proofs
“We solve problems which feel pretty close to high school algebra –
deducing equalities/inequalities from other equalities/inequalities – using 
a technique which is not usually taught in high school algebra: building a 
single chain of expressions connecting the left-hand side with the 
right.”

– Heather Macbeth, Mechanics of Proof

Additional reference: Mechanics of Proof, Chapters 1.1 and 1.2



A guide to number systems
ℕ - Natural numbers (0, 1, 2, 3, 4, …)
ℤ - Integers (… -3, -2, -1, 0, 1, 2, …)
ℚ - Rational numbers (1/2, 3/4, 5/9, etc.)
ℝ - Real numbers (-1, 3.6, π, √2) 
ℂ - Complex numbers (-1, 5 + 2i, √2 + 5i, etc.) 

ℕ ℤ ℚ ℝ ℂ



First example:

Thanks to Bethany M on YouTube:
https://www.youtube.com/watch?v=CwY62w5tfqM



Proof by elimination: BAD high school 
algebra technique



Go to Lean file for rigorous proof



Lean is not (yet) a computer algebra system 

Theorem Provers
Do proofs

Symbolically transform formulae
Only perform correct transformations

Built off a small, trusted kernel

Computer Algebra Systems
Do calculations

Symbolically transform formulae
Human-checked correctness

Large program with many algorithms

Theorem provers aren’t built to “solve for x”


